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Preface

Being actively involved since 1991 in different research projects that belong under the field of
computational materials science, [ always wondered why there is no book on the market which
introduces the topic to the beginning student. In 2005 I was approached by Joel Stein to write
a book on this topic, and I took the opportunity to attempt to do so myself. It was immediately
clear to me that such a task transcends a mere copy and paste operation, as writing for experts is
not the same as writing for the novice. Therefore I decided to invite a respectable collection of
renowned researchers to join me on the endeavor. Given the specific nature of my own research,
I chose to focus the topic on different aspects of computational microstructure evolution. This
book is the result of five extremely busy and active researchers taking a substantial amount of
their (free) time to put their expertise down in an understandable, self-explaining manner. [ am
very grateful for their efforts, and hope the reader will profit. Even if my original goals were
not completely met (atomistic methods are missing and there was not enough time do things as
perfectly as I desired), I am satisfied with—and a bit proud of—the result.

Most chapters in this book can be pretty much considered as stand-alones. Chapters 1 and 2
are included for those who are at the very beginning of an education in materials science; the
others can be read in any order you like.

Finally, I consider this book a work in progress. Any questions, comments, corrections, and
ideas for future and extended editions are welcome at comp.micr.evol @mac.com. You may also
want to visit the web site accompanying this book at http:// books.elsevier.com/companions/
9780123694683.

Koen Janssens,
Linn, Switzerland,
December 2006
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1

Introduction

1.1

—Koen Janssens

The book in front of you is an introduction to computational microstructure evolution. It is not
an introduction to microstructure evolution. It does assume you have been sufficiently intro-
duced to materials science and engineering to know what microstructure evolution is about.

That being said we could end our introduction here and skip straight to the computational
chapters. However, if you intend to learn more about the science of polycrystalline materials but
want to learn about them through their computational modeling, then this chapter will give you
the bare-bones introduction to the secrets of microstructures. Just remember that the one law
binding any type of computational modeling is equally valid for computational microstructure
evolution:

garbage-in = garbage-out (1.1)

You have been warned—we wash our hands in innocence.

Microstructures Defined

The world of materials around us is amazingly diverse. It is so diverse that scientists feel the need
to classify materials into different types. Like the authors of this book, your typical technologist
classifies materials based on their technical properties. Fundamental groups are, for example,
metals and alloys, ceramics, polymers, and biomaterials. More specific classifications can be,
for example, semiconductors, nanomaterials, memory alloys, building materials, or geologic
minerals.

In this book the focus is on materials with polycrystalline microstructures. For the sake of
simplicity let us consider a pure metal and start with atoms as the basic building blocks. The
atoms in a metal organize themselves on a crystal lattice structure. There are different types
of lattice structures each with their defining symmetry. Auguste Bravais was the first to classify
them correctly in 1845, a classification published in 1850-1851 [Bra, Bra50, Bra51]. The lattice
parameters define the length in space over which the lattice repeats itself, or in other words the
volume of the unit cell of the crystal. The organization of atoms on a lattice with a specific set of
lattice parameters is what we call a solid state phase. Going from pure metals to alloys, ceram-
ics, polymers, and biomaterials, the structures get more and more complex and now consist
of lattices of groups of different atoms organized on one or more different lattice structures.




For completeness it should be mentioned that not in all materials are the atoms organized
on lattices; usually the larger the atom groups the less it becomes probable—like for most
polymers—and we end up with amorph or glassy structures in the material.

The most simple microstructure is a perfect single crystal. In a perfect single crystal the
atoms are organized on a crystal lattice without a single defect. What crystal structure the atoms
organize on follows from their electronic structure. Ab initio atomistic modeling is a branch of
computational materials science concerning itself with the computation of equilibrium crystal
structures. Unfortunately we do not treat any form of molecular dynamics in this book—or, to
be more honest would be to admit we did not make the deadline. But keep your wits up, we are
considering it for a future version of this book, and in the meantime refer to other publications
on this subject (see Section 1.4 at the end of this chapter).

When the material is not pure but has a composition of elements®, the lattice is also modified
by solute or interstitial atoms that are foreign to its matrix. Depending on temperature and
composition, a material may also have different phases, meaning that the same atoms can be
arranged in different crystal lattice structures, the equilibrium phase being that one which has
the lowest Gibbs free energy at a particular temperature and pressure. If you lost me when
T used the words “Gibbs free energy” you may want to read Chapter 2 in this book (and needless
to say, if you are an expert on the matter you may wish to skip that chapter, unless of course
you feel like sending us some ideas and corrections on how to make this book a better one).
In any case, but especially in view of equation (1.1), it is important that you have a minimum
of understanding of materials thermodynamics.

Any deviation from a material’s perfect single-crystal structure increases the energy stored in
the material by the introduction of crystal defects. These defects are typically classified accord-
ing to their dimensions in space: point defects, line defects, and surface defects. Important in
the context of microstructures is that the energy stored in these defects is a driving force for
microstructure transformation. For example, a grain boundary is a defect structure, and the
microstructure is thereby driven to minimize its free energy by minimizing the surface area of
grain boundaries in itself, hence the process of grain growth. In a deformed microstructure of a
metal, the dislocations can be removed from the microstructure by recovery, in which disloca-
tions mutually annihilate, but also by the nucleation and growth of new, relatively dislocation-
free grains, hence the process of recrystallization. Phase transformations are similar in that they
also involve nucleation and growth of grains, but are different in the origin of the driving force,
which is now the difference of the free energy density of different phases of the same crystal.
Once again, you can read more about all the underlying thermodynamics in Chapter 2. Another
point to keep in mind is that other properties, such as grain boundary mobility, may be coupled
to the presence of defects in a crystal.

At this point we have defined most of the relevant concepts and come back to what the
microstructure of a polycrystalline material is:

A microstructure is a spatially connected collection of arbitrarily shaped grains separated by grain

boundaries, where each grain is a (possibly-non-defect-free) single crystal and the grain boundaries
are the location of the interfaces between grains.

1.2 Microstructure Evolution

Now that you have some idea of what microstructures are, we can start talking about
microstructure evolution. Evolution is actually an unfortunate word choice, as microstructures

1 A real material is always composed of a multitude of elements, leading to the saying that “materials science is
the physics of dirt” [Cah02]—but that is another story ....
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do not evolve in the way living materials do. The use of the word evolution probably originated
from an attempt to find generalized wording for the different transformation processes that
are observed in changing microstructures. The word “transformation” is somewhat reserved
to “phase transformation” when speaking about microstructures. A better term possibly would
have been microstructure transmutation, as it points more precisely at what is really meant:
under the influence of external heat and/or work, a microstructure transmutes into another
microstructure.

But let us keep it simple and explain what microstructure evolution is by illustration with an
example from the metal processing industry shown in Figure 1-1. The figure shows how a metal
is continuously cast and subsequently hot rolled. Many different microstructure transformations
come into action in this complex materials processing line:

Solidification: Solidification is the process which defines the casting process at the microstruc-
ture scale. Solidification is a phase transformation, special because a liquid phase
transforms into a solid phase. In this book you can find examples of the simulation of
solidification using the phase-field method in Chapter 7.

Diffusion: Diffusion also is one of the main characters, for example, in the segregation of
elements in front of the solidification front. But diffusion is a process which plays a
role in any microstructure transformation at an elevated temperature, be it the anneal-
ing after casting or before and during hot rolling (or any other technological process

0 02 04 06 08 1
Molefaction X,

Phase Transformation
Diffusion

Recovery

Recrystallization

Grain Growth

FIGURE 1-1 Schematic of the industrial processing of a metal from its liquid phase to a sheet metal,
showing the different microstructure transformations which occur.
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involving heat treatments). You can find information on the modeling of the diffusion
process in Chapter 5.

Phase Transformation: Phase transformation is microstructural transformation in the solid
state that occurs at elevated temperature heat treatments when a material has different
thermodynamically stable phases at different temperatures, like iron has an face centered
cubic phase (austenite) and a body centered cubic phase (ferrite). Phase transformations
can be modeled computationally using a variety of methods, several of which are intro-
duced in this book. The phase-field model is treated in Chapter 7, and although not explic-
itly treated, Potts-type Monte Carlo in Chapter 3 and cellular automata in Chapter 4 are a
possibility. Read more about the underlying thermodynamics in Chapter 6.

Deformation: The plastic deformation of a metal is a topic that has been studied since the
beginning of materials science. Plasticity can be modeled at the continuum scale, and
recently the field of multiscale modeling is slowly but certainly closing the gap between
the microstructure and the continuum scales of computational modeling. In this book we
only touch on plasticity with the description of two computational approaches. Closer
to the atomistic scale is discrete dislocation dynamics modeling, which is introduced in
Chapter 8. Coming from the scale of continuum modeling, we also treat the application
of finite elements to microstructure evolution modeling in Chapter 9. The recovery of a
plastically deformed metal is in essence a process at the dislocation scale, but it is not
addressed in this book.

Recrystallization and Grain Growth: Recrystallization and grain growth, on the other hand,
are treated in detail as an application of cellular automata in Chapter 4 and of Potts-type
Monte Carlo in Chapter 3.

1.3 Why Simulate Microstructure Evolution?

Modern materials are characterized by a wide spectrum of tailored mechanical, optical, mag-
netic, electronic, or thermophysical properties. Frequently these properties can be attributed to
a specially designed microstructure.

A dedicated microstructure of a metal promoting its strength and toughness could be one
with small and homogeneous grains, minimum impurity segregation, and a high number density
of small, nanometer-sized precipitates to stabilize grain boundaries and dislocations. To obtain
this particular microstructure in the course of the material manufacturing processes, advantage
is oft taken of different microstructural transformation processes that have the power of pro-
ducing the desired microstructures in a reproducible way, such as depicted in Figure 1-1: phase
transformation, diffusion, deformation, recrystallization, and grain growth.

Today, computational modeling is one of the tools at the disposal of scientific engineers,
helping them to better understand the influence of different process parameters on the details
of the microstructure. In some cases such computational modeling can be useful in the opti-
mization of the microstructure to obtain very specific material properties, and in specific cases
modeling may be used directly to design new microstructures. In spite of the fact that the latter is
frequently used as an argument in favor of computational materials science, the true strength of
the computational approach is still its use as a tool for better understanding. Technologically rel-
evant microstructures are four-dimensional (in space and time) creatures that are difficult for the
human mind to grasp correctly. That this understanding is relevant becomes obvious when one
reads the way Martin, Doherty, and Cantor view microstructures [MDC97]: a microstructure
is a meta-stable structure that is kinetically prevented to evolve into a minimum free-energy
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configuration. This means that to produce a specific microstructure, one must understand the
kinetic path along which it evolves, and be able to stop its evolution at the right moment in
processing time.

With the help of computational modeling, the scientist is able to dissect the microstructure in
space and in its evolution in time, and can, for example, perform different parameter studies to
decide how to ameliorate the manufacturing process. Building such a computational tool always
needs three components:

1. Having correct models defining the underlying physics of the different subprocesses that
act in the play of microstructure evolution, for example, diffusion equations or laws for
grain boundary migration or dislocation motion.

2. A computational model, which is capable of simulating the evolution of the microstruc-
ture using the underlying laws of physics as input. A major concern in such a model is
always that the different sub-models compute on the same scale. As an example, it is
relatively straightforward to model recovery of a deformed metal analytically, fitting the
parameters to experimental data. It is already much more complex to model recrystal-
lization using cellular automata, as it is not so straightforward to calibrate the length of
an incremental step in the model against real time. The latter is usually circumvented
by normalizing the simulation and experimental data based on particular points in time
(e.g., a certain amount of the volume recrystallized), but such assumes that the relation
between time and simulation step is linear, which is not always true. Combining both the
analytical recovery model and the computational recrystallization model requires a true
time calibration so this trick can no longer be applied, resulting in tedious time calibra-
tion experiments and simulations that need be performed with great care if one aims to
transcend mere qualitative predictions.

3. Finally, unless one is studying the microstructure itself, one needs additional modeling,
which relates the (simulated) microstructures on the one side, to the target properties on
the other side of the equation. Such a model would, for example, compute the plastic
yield locus of a metal based on characteristics of the microstructure such as the grain size
distribution. It should need little imagination to realize that such a computation can easily
be equally complex as the microstructure evolution model itself.

This book focuses entirely on item 2 in the preceding list. For the less sexy topics the reader is
referred to other monographs—see further reading.

1.4 Further Reading

1.4.1 On Microstructures and Their Evolution from a Noncomputational
Point of View

The book by Humphreys and Hatherly [HH96] is certainly one of the most referenced books
on this topic and gives a good overview. Other important monographs I would consider are
the work of Gottstein and Shvindlerman [GS99] on the physics of grain boundary migration in
metals, the book of Martin, Doherty, and Cantor [MDC97] on the stability of microstructures,
and Sutton and Balluffi [SB95] on interfaces in crystalline materials. Finally, if you need decent
mathematics to compute crystal orientations and misorientations, Morawiec’s work [Mor04]
may help.

Introduction 5



1.4.2 On What Is Not Treated in This Book

Unfortunately we did not have time nor space to treat all methods you can use for microstructure
evolution modeling. If you did not find your taste in our book, here are some other books we
prudently suggest.

Molecular Dynamics: Plenty of references here. Why not start with a classic like Frenkel and
Smit [FS96]?
Level Set: Level set methods and fast marching methods are in the book of Sethian [Set99].
Continuum Plasticity of Metals: Yes, continuum theory also finds its application in the sim-
ulation of microstructures, especially when it concerns their deformation. Actually, you
can find its application to microstructure evolution in this book in Chapter 9. Other mono-
graphs on the subject in general are plenty. Lemaitre and Chaboche [LC90] certainly gives
a very good overview, but it may be on the heavy side for the beginning modeler. An eas-
ier point of entry may be Han and Reddy [HR99] on the mathematics of plasticity, and
Dunne and Petrinic [DP05] on its computational modeling.
Particle Methods: See Liu and Liu [LLO3].
Genetic Algorithms: Because you never know when you may need these, the book by Haupt
and Haupt [HHO4] describes the basic ideas really well.
The Meshless Local Petrov-Galerkin (MLPG) Method, S. N. Atluri and S. Shen, Tech Science
Press, Forsyth, GA, 2002. [Atl02]
See Torquato [Tor02] on methods for computational modeling of the relation between
microstructure and materials properties!

Bibliography

[Bra]
[Bra50]
[Bra51]
[Cah02]
[DPO5]
[FS96]
[GS99]

[HH96]

[HHO4]
[HR99]

[LC90]

[LLO3]
[MDC97]

[Mor04]

[SB95]
[Set99]

[Tor02]

[At102]

M. A. Bravais. http://en.wikipedia.org/wiki/Bravais_lattice.

M. A. Bravais. J. Ecole Polytechnique, 19:1-128, 1850.

M. A. Bravais. J. Ecole Polytechnique, 20:101-278, 1851.

R. W. Cahn. The science of dirt. Nature Materials, 1:3—4, 2002.

F. Dunne and N. Petrinic. Introduction to Computational Plasticity. Oxford University Press, Oxford, 2005.

D. Frenkel and B. Smit. Understanding Molecular Simulation. Academic Press, San Diego, 1996.

G. Gottstein and L. S. Shvindlerman. Grain Boundary Migration in Metals. CRC Press LLC, Boca Raton,
FL, 1999.

F. J. Humphreys and M. Hatherly. Recrystallization and Related Annealing Phenomena. Pergamon,
Oxford, 1996.

R. L. Haupt and S. E. Haupt. Practical Genetic Algorithms. Wiley, Hoboken, NJ, 2004.

W. Han and B. D. Reddy. Plasticity—Mathematical Theory and Numerical Analysis. Springer-Verlag,
Berlin, 1999.

J. Lemaitre and J.-L. Chaboche. Mechanics of Solid Materials. Cambridge University Press, Cambridge,
1990.

G. R. Liu and M. B. Liu. Smoothed Particle Hydrodynamics. World Scientific, London, 2003.

J. W. Martin, R. D. Doherty, and B. Cantor. Stability of Microstructures in Metallic Systems. Cambridge
University Press, Cambridge, 1997.

A. Morawiec. Orientations and Rotations: Computations in Crystallographic Textures. Springer-Verlag,
Berlin, 2004.

A. P. Sutton and R. W. Balluffi. Interfaces in Crystalline Materials. Clarendon Press, Oxford, 1995.

J. A. Sethian. Level Set Methods and Fast Marching Methods. Cambridge University Press, Cambridge,
1999.

S. Torquato. Random Heterogeneous Materials: Microstructure and Macroscopic Properties. Springer-
Verlag, Berlin, 2002.

S. N. Atluri and S. Shen. The Meshless Local Petrov-Galerkin (MLPG) Method. Tech Science Press,
Forsyth, GA, 2002.

6 COMPUTATIONAL MATERIALS ENGINEERING



2

Thermodynamic Basis of Phase
Transformations

—FErnst Kozeschnik

Many of the models that are discussed in this book rely on the knowledge of thermodynamic
quantities, such as solution enthalpies, chemical potentials, driving forces, equilibrium mole
fractions of components, etc. These quantities are needed as model input parameters and they are
often not readily available in experimental form when dealing with special or complex systems.
However, in the last decades, suitable theoretical models have been developed to assess and
collect thermodynamic and kinetic data and store them in the form of standardized databases.
Thus, essential input data for modeling and simulation of microstructure evolution is accessible
on the computer.

Although thermodynamics is covered in numerous excellent textbooks and scientific publi-
cations, we nevertheless feel the strong necessity to introduce the reader to the basic concepts
of thermodynamics, and in particular to solution thermodynamics (Section 2.2), which we will
be most concerned with in computational modeling of microstructure evolution. The basics are
discussed at least to a depth that the theoretical concepts of the modeling approaches can be
understood and correctly applied and interpreted as needed in the context of this book. Some of
the material that is presented subsequently is aimed at giving the reader sufficient understanding
of the underlying approaches to apply theory in the appropriate way. Some of it is aimed at
providing reference material for later use.

Thermodynamics provides a very powerful methodology for describing macroscopic observ-
ables of materials on a quantitative basis. In the last decades, mathematical and computational
methods have been developed to allow extrapolation of known thermodynamic properties of
binary and ternary alloys into frequently unexplored higher-order systems of technical rele-
vance. The so-called method of computational thermodynamics (CT) is an indispensable tool
nowadays in development of new materials, and it has found its way into industrial practice
where CT assists engineers in optimizing heat treatment procedures and alloy compositions.
Due to the increasing industrial interest, comprehensive thermodynamic databases are being
developed in the framework of the CALPHAD (CALculation of PHAse Diagrams) technique,
which in combination with commercial software for Gibbs energy minimization can be used to
predict phase stabilities in almost all alloy systems of technical relevance [KEHT00]. More and
more students become acquainted with commercial thermodynamic software packages such




as ThermoCalc [SJA85], MTData [DDC189], F*A*C*T [PTBES9], ChemSage [EH90], or
PANDAT [CZD™ 03] already at universities, where CT is increasingly taught as an obligatory
part of the curriculum.

Traditionally, computational thermodynamics is connected to the construction of phase dia-
grams on the scientist’s and engineer’s desktop. There, it can provide information about which
stable phases one will find in a material in thermodynamic equilibrium at a given temperature,
pressure, and overall chemical composition. This knowledge is already of considerable value to
the engineer when trying to identify, for instance, solution temperatures of wanted and unwanted
phases to optimize industrial heat treatments. Moreover, and this is of immediate relevance for
the present textbook: although the thermodynamic parameters that are stored in the thermody-
namic databases have been assessed to describe equilibrium conditions, these data also provide
information on thermodynamic quantities in the nonequilibrium state. For instance, chemical
potentials of each element in each phase can be evaluated for given temperature, pressure, and
phase composition. From these data, the chemical driving forces can be derived and finally used
in models describing kinetic processes such as phase transformations or precipitate nucleation
and growth.

It is not the intent of the present book to recapitulate solution thermodynamics in scientific
depth, and we will restrict ourselves to an outline of the basic concepts and methods in order
to provide the reader with the necessary skills to apply these theories in appropriate ways. For
a more comprehensive treatment, the reader is refered to some of the many excellent textbooks
on solution thermodynamics (e.g., refs. [Hil98, SM98, Cal85, Hac96, MA96, Wag52, FR76]).

2.1 Reversible and Irreversible Thermodynamics

2.1.1 The First Law of Thermodynamics

Thermodynamics is a macroscopic art dealing with energy and the way how different forms of
energy can be transformed into each other. One of the most fundamental statements of thermo-
dynamics is related to the conservation of energy in a closed system, that is, a system with a
constant amount of matter and no interactions of any kind with the surrounding. When intro-
ducing the internal energy U as the sum of all kinetic, potential, and interaction energies in the
system, we can define U formally as a part @@ coming from the heat that has flown into the
system and a part W coming from the work done on the system:

U=Q+W 2.1

It is important to recognize that this definition does not provide information about the abso-
lute value of U and, in this form, we are always concerned with the problem of defining an
appropriate reference state. Therefore, instead of using the absolute value of the internal energy,
it is often more convenient to consider the change of U during the transition from one state to
another and to use equation (2.1) in its differential form as

dU =dQ +dW (2.2)

By definition, the internal energy U of a closed system is constant. Therefore, equation (2.2)
tells us that, in systems with constant amount of matter and in the absence of interactions with
the surrounding, energy can neither be created nor destroyed, although it can be converted from
one form into another. This is called the first law of thermodynamics.
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The internal energy U is a state function because it is uniquely determined for each
combination of the state variables temperature T, pressure P, volume V, and chemical compo-
sition N. The vector N contains the numbers N; of moles of components i. Any thermodynamic
property that is independent of the size of the system is called an intensive property. Examples
for intensive quantities are 7' and P or the chemical potential x. An intensive state variable
or function is also denoted as a thermodynamic potential. A property that depends on the size
of the system is called an extensive property. Typical examples are the state variable V' or the
state function U.

The value of a state function is always independent of the way how a certain state has been
reached, and for the internal energy of a closed system we can write

i{dU =0 (2.3)

A necessary prerequisite for the validity of equation (2.3) is that the variation of the state
variables is performed in infinitesimally small steps, and the process thus moves through a
continuous series of equilibria. In other words, after variation of any of the state variables,
we are allowed to measure any thermodynamic quantity only after the system has come to a
complete rest.

It is also important to realize that the state variables introduced before are not independent
of each other: If we have ¢ independent components in the system, only ¢ + 2 state variables
can be chosen independently. For instance, in an ideal one-component gas (¢ = 1), we have the
four state variables P, T', V, and N. Any three of these variables can be chosen independently,
while the fourth parameter is determined by the ideal gas law PV = NRT. R is the universal
gas constant (R = 8.3145 J(mol K)~1). The choice of appropriate state variables is dependent
on the problem one is confronted with. In solution thermodynamics, a natural choice for the set
of state variables is T, P, and N.

The quantities @@ and W are not state functions because the differentials d@ and dWW simply
describe the interaction of the system with its surrounding or the interaction between two sub-
systems that are brought into contact. Depending on the possibilities of how a system can
exchange thermal and mechanical energy with its surrounding, different expressions for dQ
and dW will be substituted into equation (2.2). For instance, a common and most important
path for mechanical interaction of two systems is the work done against hydrostatical pressure.
For convenience, a new function H is introduced first with

H=U+PV (2.4)

which is called enthalpy. H is also a state function and in its differential form we have
dH =dU + PdV + VdP (2.5)
Now consider an insulated cylinder filled with ideal gas and a frictionless piston on one
side. If the temperature of the gas is increased by an infinitesimal amount d7" and the pressure
of the gas is held constant, the piston must move outwards because the volume of the gas has

increased by the infinitesimal amount dV'. In the course of this process, work dW is done against
the hydrostatic pressure P and we have

dW = —PdV (2.6)
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The minus sign comes from the fact that dW is defined as the mechanical energy received
by the system. Substituting equations (2.2) and (2.6) into the general definition (2.5) leads to

dH =dQ + VdP 2.7)

Under constant pressure and constant chemical composition (dP = 0, dN; = 0), equation (2.7)
reduces to

(dH)P,N =dQ (2.8)

thus manifesting that the addition of any amount of heat d( to the system under these conditions
is equal to the increase dH. If we further assume a proportionality between dH and dT', we
can write

(dH)p N = Cp -dT (2.9)

The proportionality constant Cp is called specific heat capacity, and it is commonly inter-
preted as the amount of heat that is necessary to increase the temperature of one mole of atoms
by one degree. Formally, the definition of the specific heat capacity is written

OH

The enthalpy H has been introduced for conditions of constant pressure, constant chemical
composition, and under the assumption that dW in equation (2.2) is representing a work done
against a hydrostatic pressure. An analogy will now be sought for the incremental heat dQ.

In the previous example we have expressed the mechanical work input as —AW = A(PV)
and used the differential form with

—dW = PdV + VdP (2.11)

In analogy to the mechanical part, we assume that the stored heat in the system can be
expressed by a product AQ = A(T'S). For the differential form we can write

dQ = TdS + SdT (2.12)

If heat is added under conditions of constant temperature, we finally arrive at the so-called
thermodynamic definition of entropy:

_de

ds T

(2.13)
The concept of entropy was introduced by the German physicist Rudolf Clausius
(1822-1888). The word entropy has Greek origin and means transformation. Similar to U

and H, entropy S is a state function. Its value is only dependent on the state variables 7',
P, V, N and it is independent of the way how the state was established. We can therefore

also write
dQ
y{dS = 7{ — =0 (2.14)
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2.1.2 The Gibbs Energy

In solution thermodynamics, it is convenient to use the state variables 7', P, and N (or X,
which will be introduced in the next section) to describe the state of a system. This selection of
variables is mainly driven by practical considerations: In an experimental setup, which is related
to microstructure transformation problems, P, T, and IN are most easily controlled. Based on
this selection of variables, the entire thermodynamic properties of a system can be described by
the so-called Gibbs energy G, which is given as

G(T,P,N) = H(T,P,N) — T - S(T, P,N) (2.15)
G is a state function and we can therefore write

fdG:O (2.16)

The Gibbs energy G provides a unique description of the state of a system, and many prop-
erties of a thermodynamic system can be obtained from its partial derivatives. The following
relations hold:

OG(T, P,N) B
(6713) . =V (2.17)
OG(T, P,N) _
<8T>P,N =-S (2.18)
(M) = (2.19)
ON; T,P,N;;

Each of these derivatives is evaluated with the subscript quantities held constant. y; is called
the chemical potential of element . Finally, under constant temperature and pressure, applica-
tion of the total derivative of G with respect to the composition variables N; and equation (2.19)
delivers the important relation

G=> Ni-p (2.20)

The Gibbs energy and chemical potentials play an important role in modeling of kinetic
processes. This will be discussed in more detail in subsequent chapters.

2.1.3 Molar Quantities and the Chemical Potential

In thermodynamic and kinetic modeling, for convenience and for practical reasons, the size
of the system is frequently limited to a constant amount of matter. In thermodynamics, this
measure is commonly one mole of atoms, whereas in kinetics, usually unit amount of volume is
regarded. Accordingly, the Gibbs energy GG of one mole of atoms can be expressed in terms of
T, P, and a new variable X, which represents the vector of mole fractions X; of elements 4, as

G (T, P,X) = Hy(T,P,X) — T - S (T, P, X) (221

The subscript m indicates the use of molar quantities. G, is denoted as the molar Gibbs energy.
For the sum of all mole fractions, the following constraint applies:

Y Xi=1 (2.22)
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The chemical potential ;i; has already been formally introduced in the previous section as the
partial derivative of the Gibbs energy with respect to the number of moles /NV;. From a practical
point of view, the chemical potential represents a measure for the change of Gibbs energy when
infinitesimal amount of element ¢ is added to the system.

When investigating chemical potentials in the framework of the new set of variables T, P,
and X, we have to be aware of the fact that the composition variables X; are not indepen-
dent from each other and the derivative of G in molar quantities has to be evaluated under the
constraint (2.22). Substituting G by N - G leads to

oG 0 _ O0Gm
Wi = ON, — 9N, (N-Gm)=1-Gm+ N N, (2.23)
Since we have
0 0 0X;
ON; - 0X; ON; (224
and
B 8X; N-N; 9X; Nj
Xl—leXj, NS NI oN, T W (2.25)
J#
we finally obtain
i = Gm + OCGm _ dox 9Cm (2.26)

X, e

Equation (2.26) is of considerable value in practical CT and Computational Microstructure
Evolution (CME) because it relates the chemical potential y; of an element 4 to the molar Gibbs
energy G'm. Both quantities are thermodynamic potentials and both quantities can be used for a
definition of equilibrium. It will be shown later that chemical potentials can, moreover, conve-
niently be used to define the driving force for internal reactions, such as phase transformations or
diffusion. Based on equation (2.20), the relation between molar Gibbs energy and the chemical
potentials can be written as

Gum = X (2.27)

It must be emphasized, finally, that equation (2.26) should be used with some care, since
this expression is obtained by variation of one mole fraction component while holding all others
constant. In terms of mole fractions this is of course not possible and the physical meaning of
the chemical potential derived in this way is questionable (see, e.g., Hillert [Hil98]). However,
it will be demonstrated later (see, e.g., diffusion forces, Section 5.3.3) that, in most cases, the
chemical potential is applied in a form where one component of a mixture is exchanged against
some reference component(s). The difference (11; — pyef) does not inherit this conceptual diffi-
culty and can be used without this caution.

2.1.4 Entropy Production and the Second Law of Thermodynamics

So far, we have considered thermodynamic processes as inifinitesimal variations of state vari-
ables that lead through a continuous series of equilibria. We have manifested the properties of
some thermodynamic state functions under equilibrium conditions. We have found that mechan-
ical work and heat can be converted into each other without loss of energy as long as the varia-
tion of state variables occurs infinitely slowly and the system can come to a rest at all stages of
the process. Under these conditions, we have found that the nature of thermodynamic processes
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is reversible. In the following sections, the grounds of so-called equilibrium thermodynamics
are left behind and processes are analyzed, where the variation of state variables is performed
outside the convenient—but impracticable—assumption of continuous equilibrium. The branch
of science dealing with these phenomena is called irreversible thermodynamics.

In his fundamental work on the thermodynamic properties of entropy, Rudolph Clausius
(see Section 2.1.1) was strongly influenced by the ideas of the French physicist Nicolas Carnot
(1796-1832). The latter investigated the efficiency of steam machines and introduced the
famous thought experiment of an idealized machine that converts thermal into mechanical
energy and vice versa. When going through the so-called Carnot cycle, a system can deliver
mechanical work as a result of heat transport from a warmer to a cooler heat reservoir. Consider
the following closed thermodynamic process (see Figure 2-1), which operates between two heat
reservoirs at T, and Ty, with T, < Ty,:

1. Let the system be in contact with the cooler reservoir at a temperature T,. Perform an
isothermal compression from V; to Va. During compression, the work W is done on the
system and, simultaneously, the system gives away the heat —Q);.

2. Decouple the system from the reservoir and perform an adiabatic compression from V5
to V3. Since no heat is exchanged with the surroundings, Q2 = 0. Continue with com-
pression until the temperature of the system has increased to 73,. Let the work done on the
system be Ws.

3. Put the system into contact with the warmer reservoir at 73,. Perform an isothermal
expansion from V3 to Vy. During expansion, the work —Ws3 is done by the system and,
simultaneously, the system picks up the heat Q)3 from the warmer reservoir.

4. Decouple the system from the reservoir and perform an adiabatic expansion from V4 back
to V1. There is no heat exchange, that is, @4 = 0 and the work done by the system is —Wj.

Let us now investigate the net work and heat of this idealized closed cycle. In the first two
steps of the Carnot cycle, the work W;, = W; + Wy is performed on the system and the

FIGURE 2-1 Schematic representation of the Carnot cycle.
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heat Q1 = AS - Ty is transferred into the cooler heat reservoir. Mathematically, W = f PdV
and W;,, thus corresponds to the area below the first two segments of the P-V diagram. In
the next two steps, the heat Q3 = AS - Ty, is taken from the warmer reservoir and the work
Wout = W3 + Wy is given back by the system. From comparison of W = W; + Wy we
immediately find that more work is released in steps 3 and 4 than was expended in steps 1
and 2. Graphically, the net work corresponds to the inscribed area in the P-V diagram. For the
transfer of energy we finally obtain

W =Q3—Q1=AS-(Ty, — Ta) (2.28)

Each of the individual steps 1-4 of the Carnot cycle are by themselves of reversible nature.
For instance, the compressive step 1 with heat release —Q); and work W; can be reversed by
isothermal expansion, where the heat )1 is picked up again from the reservoir and the mechan-
ical work —Wj is given back into the system. One could thus quickly conclude that, since all
individual steps in the process are reversible, the entire process is reversible and, therefore, the
process should convert between mechanical work and heat with an efficiency of n = 1.

Whereas the first statement is true (the Carnot process is indeed an idealized reversible
process), the second statement is not. Remember that the total input of energy was the heat
Q3 taken from the warmer reservoir. This energy was converted into the work 1/, while the heat
@1 was given to the cooler reservoir. Consequently, the total efficiency of conversion between
heat and mechanical work is

p=_ ==LTX3 g4 *L (2.29)

Since Q1 is negative and its absolute value is always less than @3, the efficiency of the
process is always equal to or less than one and we can alternatively write

Qs Ty,

An important conclusion from the Carnot process is that, in the description of a closed cycle
that converts heat into mechanical work or vice versa, two reservoirs have to be considered, and
the efficiency of such a process is directly proportional to the difference in temperature of the
two heat reservoirs (equation 2.30).

If a process has an efficiency n < 1 and only part of the thermal energy Q)3 is converted
into mechanical work, we must ask ourselves where has the missing part of the free energy
gone? The answer is that the amount Q1 was transfered from the warmer to the cooler reservoir
without having been converted into mechanical work. This process can be interpreted as an
internal process that transfers heat from the warmer to the cooler reservoir very similar to heat
conduction. The entropy change AS;;, for this process is

__AQ  AQ _ Ty —Ta
ASip = = + 75 = AQ Tp (231

The transfer of Q1 from the reservoir with higher temperature 73, to the reservoir with lower
temperature T} produces entropy, and we thus find that heat conduction is an irreversible process.
The internal entropy production dSj;, in differential form reads

Ty, —Ta

A8 = dQ- T
a

(2.32)
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and it is a measure for the amount of free energy that cannot be used to produce mechanical
energy. The fraction of the free energy that is used for internal entropy production is permanently
lost during the process.

The efficiency of any machine converting heat into mechanical work or vice versa is not
only restricted by the theoretical limit given by equation (2.29). In reality, all processes of heat
conduction inside the machine and into the surroundings produce entropy and thus further limit
the amount of work that can be produced in the thermomechanical process. The efficiency of
the Carnot cycle represents the theoretical upper limit for the efficiency.

Although the Carnot cycle is in principle a reversible process, it produces entropy and makes
part of the free energy unavailable for any further production of work. Within our universe, an
almost infinite number of entropy producing processes occur at any time, and the total entropy
of the universe is steadily increasing. The possible sources for the production of mechanical
work are therefore decreasing, and the universe is heading toward a state of perfect disorder.
Luckily, the estimated time to arrive there is sufficiently long, so that this collapse is irrelevant
for the time being.

Thermodynamic processes have irreversible character if observable macroscopic fluxes of
heat and/or matter between different regions of a system or between the system and the sur-
roundings are involved. Typical examples of irreversible processes are heat conduction or atomic
diffusion, both of which occur in a preferred direction. Experience tells us that the heat flux
always occurs from the warmer to the cooler side. We never observe the macroscopic transport
of heat in the opposite direction. Analogously, in diffusion, matter is transported downwards
concentration gradients (more exactly: downwards chemical potential gradients). We do not
observe diffusion in the opposite direction. From experience, we conclude that heat conduction
and diffusion are strictly irreversible processes.

All spontaneous processes have a preferred direction and they are irreversible because the
reverse process occurs with lower probability. For any spontaneous process we have

dSip >0 (2.33)

This is the second law of thermodynamics. This law represents a vital link between the worlds
of reversible and irreversible thermodynamics and it tells us that all processes that occur spon-
taneously are accompanied by the production of entropy. The part of the free energy that is
dissipated (consumed) by the process of internal entropy production is no longer available for
the production of mechanical work.

Interestingly, on a microscopic scale, uphill transport of heat and uphill diffusion occur on
a regular basis in the form of thermal and compositional fluctuations. In nucleation theory, the
concept of fluctuations is a vital ingredient of theory (see the Section 6.2 on solid-state nucle-
ation). In a real solution, atoms are never arranged in a perfectly homogeneous way. Instead,
one will always observe more or less severe local deviations from the average value. Locally,
the concentration of one component of a solution can have a significantly different-than-average
value and, thus, one could think of a violation of the second law of thermodynamics. How-
ever, thermodynamics is a macroscopic art and on a macroscopic basis, there will neither be a
net transport of heat nor a net transport of matter against the corresponding potential gradient.
Although individual processes can decrease entropy, we will always observe a net production
of entropy on a net global scale.

2.1.5 Driving Force for Internal Processes
Heat exchange between two reservoirs will proceed as long as there is a difference in temper-
ature, namely, a temperature gradient. The process stops as soon as both reservoirs are at the
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same temperature. Analogously, in atomic diffusion, the macroscopic net transport of atoms will
proceed until all macroscopic concentration gradients are leveled out.

Consider a system consisting of multiple chemical components and multiple phases. We can
introduce a new variable &£, which defines the degree of any internal process that can occur in this
system with 0 < ¢ < 1. Such internal processes are, for instance, the exchange of some amount
of element 7 against element j or the increase of the amount of one phase 3 at the expense of
another phase «. The latter process is known as a phase transformation and it frequently occurs
simultaneously with an exchange of elements.

Consider a system with one possible internal process. The entropy production caused by this
internal process is the internal entropy production dSi, (see also previous Section 2.1.4). The
driving force D for the occurrence of this internal process can then be defined as

dSip

D=T g

(2.34)

In physical chemistry, D is often called affinity and it quantifies the tendency of a chemical
reaction to occur. In phase transformations, the term driving force is commonly used. When
examining equation (2.34) in more detail, we use the convention that d¢ is defined positive in
the direction of the process. Since 7" is always positive and d.S; > 0 for a spontaneous process,
D must also be > 0. If D < 0, the internal process will not occur no matter how long one waits.
This fact will be utilized in the subsequent section as a definition of the equilibrium state of a
system.

If we consider a closed system under constant temperature and constant pressure, it can be
shown (see for instance ref. [Hil98]) that the differential form of the Gibbs energy including
contributions from internal processes can be expressed as

dG = —8dT + VAP — Dd¢ (2.35)

From equation (2.35) and at constant 7" and P, the driving force for an internal process
D is determined as the partial derivative of the Gibbs energy G with respect to the internal
variable £ by

oG
D=—|— 2.36
( (@3 )T,P (230

In the present section we have shown that the driving force for an internal process and the
internal entropy production are directly related [equation (2.34)] and that the absolute value of
D can be obtained as a partial derivative of the Gibbs energy [equation (2.36)]. The former
finding will be of great value when we derive evolution equations for the growth of complex
precipitates in multicomponent alloys (see Section 6.4.2).

2.1.6 Conditions for Thermodynamic Equilibrium
Based on the Gibbs energy G and given a constant number of atoms in the system, a sufficient
condition for thermodynamic equilibrium can be given with

G(T,P,N) = min (2.37)

The minimum of G defines a state where no spontaneous reaction will occur in the system
because each variation of any state parameter (7, P, N) will increase the Gibbs energy of the
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system and bring it into an unstable state with a positive driving force for at least one internal
process. Equation (2.37) together with the definition of the Gibbs energy (2.15) also show that
neither a minimum of enthalpy H nor a maximum of entropy S alone can define any such
criterion. The ability of a system to produce spontaneous reactions must therefore always be
considered as a combined effect of H and S.

Analysis of equation (2.37) directly leads to an alternative condition for thermodynamic
equilibrium. Since in equilibrium, G is an extremum, the partial derivative with respect to all
state variables must be zero. At constant 7" and P, this condition reads

e
o= =0 2.38
(% >T,P 239

Combination of equations (2.38) and (2.36) yields yet another criterion for equilibrium,
which is

D <0 (2.39)

for all possible internal processes &. Or in other words: A system is in equilibrium if the driving
forces for all internal processes are less than or equal to zero.

Finally, we want to investigate the important case of an exchange of N; atoms between two
regions I and II of a thermodynamic system. Therefore, we start with equation (2.38). In a
thought experiment, N; atoms are taken from region II and entered into region I. If the system
is in equilibrium, for the change of Gibbs energy, we can write

oG oGt oGt
<6Ni)T p (am) a < IN; =0 (240)
) T,P T,P

Since the partial derivatives represent the chemical potentials of the atomic species in the
two regions [see equation (2.19)], we can further write

i — i =0 (2.41)

or
i = i (2.42)

In equilibrium, equation (2.42) must be true for all components and, more general, also for
all other thermodynamic potentials. If any thermodynamic potential differs between two regions
of the system, there exists a positive driving force for an internal process that causes a reduction
of this potential difference. If any potential in the system varies in space, the system is not in
equilibrium.

For calculation of multicomponent thermodynamic equilibrium, any of these conditions
(2.37), (2.39), or (2.42) can be used. We must be aware, however, that practical evaluation
of the preceding formulas is usually more involved than expected from the simplicity of the
preceding formulations for equilibrium conditions. The reason for this is the fact that internal
processes frequently require a simultaneous variation of multiple state variables due to restric-
tions of the thermodynamic models, such as mass conservation or stoichiometric constraints.
The strategy for minimizing the Gibbs energy in the framework of the sublattice model is
outlined in Section 2.2.9 later.
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2.2 Solution Thermodynamics

More than 100 years ago, in a single two-part scientific paper [Gib61], Josiah Willard Gibbs
(1839-1903) developed the fundaments of modern solution thermodynamics. The paper titled
On the Equilibrium of Heterogeneous Substances appeared in 1876 (part II 2 years later) and
it is nowadays considered as a giant milestone in this field of science. Most of the physical
relations and theoretical concepts of Gibbs” work are now widely used still in their original
form, and only minor modifications to his relations have been suggested since.

Solution thermodynamics is concerned with mixtures of multiple components and multiple
phases. Consider an experiment where you bring into contact N moles of macroscopic pieces
of pure substance A and Ng moles of macroscopic pieces of pure substance B (see Figure 2-2,
top). The pure substances have molar Gibbs energies of °GZ4, and °GE, respectively. After
compressing the two substances until no voids exist between the pieces, this conglomerate is
called a mechanical mixture. When ignoring effects of interfaces between the A and B regions
in a first approximation, the total Gibbs energy of the mixture is simply given as the sum of
the individual components with MM = N, OGA + Ng°GE. With the amounts of A and B in
mole fractions X and Xp, the molar Gibbs energy G, of the mechanical mixture is simply
the weighted sum of its pure components

MMa = X296 + xp0GA (2.43)

Now consider mixing X A atoms of sort A and X atoms of sort B. In contrast to the previous
thought experiment, where a conglomerate of macroscopic pieces was produced, mixing is now
performed on the atomic scale (see Figure 2-2, bottom). This so-called solution (or solid solu-
tion for condensed matter) has considerably different properties than the mechanical mixture
and we shall investigate these in detail in the following section.

m =

Mechanical Mixture

QEX.OO..O
| JOX JOX X J
o) X XG0,
A B L JOJOX JOX )
o) JOX X J©
= fm O@®

Solid Solution

FIGURE 2-2 Two possibilities of mixing two substances A and B, (top) mechanical mixture of
macroscopic pieces of the two substances, (bottom) solid solution with mixing on the atomic scale.
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2.2.1 Entropy of Mixing

In Section 2.1.4, the entropy S was formally introduced in the framework of reversible
thermodynamics [equation (2.13)] and we have seen that .S represents an important state func-
tion. We have also seen that the concept of entropy production dSj;, represents a link between
equilibrium thermodynamics and the thermodynamics of irreversible processes. In this section,
yet another approach to the thermodynamic quantity entropy is presented, which is based on an
analysis of the Austrian physicist and philosopher Ludwig Boltzmann (1844-1906). His work
on the dynamics of an ensemble of gas particles very clearly illustrates the irreversible character
of solution thermodynamics, and it gives a handy interpretation of entropy in the framework of
statistical thermodynamics.

Consider a set of 100 red and 100 blue balls, which at time ¢ = 0 are separated. In one
hypothetical time step At, allow the interchange of two balls. Let this happen by (i) arbitrarily
selecting one out of the 200 balls, then (ii) arbitrarily selecting a second ball, and (iii) exchang-
ing them. When allowing the first and second ball also to be identical, the probability that a blue
ball is exchanged for a red one is P = 0.5. In other words, the macroscopic state of perfect
order at t = 0 evolves to a state with one ball exchanged between the two regions at t = At
with a probability of P = 0.5. Now allow for a consecutive time step: Pick again an arbitrary
ball and exchange with another one. The probability that another exchange of blue and red balls
occurs is still approximately P ~ 0.5. The probability that the exchange of the first time step
is reversed is P = 2/200 - 1/199 ~ 1074, Consequently, the probability that the macroscopic
state at t = 0 is re-established at ¢ = 2A¢ is much smaller than the probability of finding the
system in a new state with two red balls in the blue domain and vice versa.

After sufficient time steps, the probability of the system being in a particular state is equal
to the number of possibilities of how to arrange the set of particles in a particular configuration.
For instance, the number of possibilities to establish the state at ¢ = 0 is equal to 1. There is
only one possibility to set up a configuration with all red and blue balls separated. The number
of possibilities to establish a state with one ball exchanged between the regions is equal to
100 - 100 = 10*. The number of possibilities to establish a state with two balls exchanged is
approximately 100 - 99 - 100 - 99 ~ 10® and so forth. Generally, if we have Ng B atoms and Ny
A atoms, with N = N + Npg, the number of possibilities how to arrange this set of atoms is

N!

W:NA!~NB!

(2.44)

Consider the same thought experiment, however, this time with only one red and one blue
ball. The probability to exchange red against blue in the first time step is P = 0.5. The prob-
ability for the reverse transformation is also P = 0.5. If we consider the two-ball system as
a microsystem, we can easily find that the principle of time reversability is fully valid since
the probabilities for transformation and reverse transformation are equal. In macrosystems, that
is, systems that consist of a large number of microsystems, the probability for a process and
the corresponding reverse process is not equal, and the process has thus a preferred direction.
The process of exchanging balls in the thought experiment with a large number of balls is an
irreversible process, although the process of exchanging balls in the microsystem is reversible.

The random exchange of red and blue balls brings the system from an ordered state into
a disordered state. Experience tells us that the process never goes in the opposite direction.
In atomic diffusion, the probability of an atom to switch position with a particular neighbor
is equal to the probability of the atom to switch back to the initial position in the following
time step. On a microscopic scale, diffusion is therefore a reversible process. On a macroscopic
scale, diffusion tends to reduce concentration gradients and thus brings the system into a state
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with a higher degree of disorder. If we bring Np moles of pure substance A into contact with
Np moles of pure substance B, the irreversible process of diffusion of A atoms into the B-rich
region and vice versa will finally lead to a homogeneous solid solution of A atoms and B atoms.
We will never observe the reverse process of spontaneous unmixing of a solution and separation
of atoms in pure A and pure B containing regions. And we have seen that this is not because it
is impossible, but because it is fantastically unlikely.

In order to quantify this macroscopic irreversibility, Ludwig Boltzmann introduced the term
entropy S (which in this context is sometimes also called Boltzmann entropy) as being propor-
tional to the natural logarithm of the number of possible states with

S=kg-lnW (2.45)

The proportionality factor kg is known as the Boltzmann constant (kg = 1.38065 - 1023
J/K). If we now apply Stirling’s approximation (InN! ~ NInN — N, for large N) to
equation (2.44), we obtain

S=kp-(NInN— NalnNsy — NglnNp) (2.46)

With the relations X4 = N /N and X = Np/N, the entropy of an A-B solution becomes
S =—kgN - (XalnXa+ XplnXp) (2.47)

Since this definition of entropy is based on the number of possible configurations of a system,
it is also called configurational entropy. Figure 2-3 shows the entropy contribution of a two-
component mixture with Xg = 1 — X . The curve is symmetric with a maximum entropy at
Xa = Xp = 0.5.

When considering a solution with one mole of atoms and using the relation R = kpNa
(Na = 6.022142.1023 is the Avogadro constant), the entropy contribution S; of each component
with mole fraction X is then given as

0 4
—0.1
-0.2 1
—-0.3
-0.4
0.5 7

XAll'lXA+ XBII'IXB

—0.6
-0.7 7

_0.8 T T T T
0 0.2 0.4 0.6 0.8 1

Mole Fraction Xy

FIGURE 2-3  Configurational entropy contribution in a binary A-B alloy.
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and the total molar ideal entropy of mixing is

Bm=38=-Y R - X;InX; (2.49)

2.2.2 The Ideal Solution
An ideal solution is defined as a solution with zero enthalpy of mixing (AH = 0) and ideal

entropy of mixing ISg.
The molar Gibbs energy of an ideal solution SGm is given by the weighted sum of the molar
Gibbs energies of the pure substances 9@G%, and the molar entropy 1S, as

Bem=3" (X,» Ogh . Issfn) =3x;- (Oan 4+ RTIn Xi) (2.50)

For the simple case of a binary A-B system with X 5 atoms of kind A and (1 — X ) atoms
of kind B, the molar Gibbs energy is

Bon’ = Xa -G + (1 - Xa) - 0n +
+RT (XaIn Xz + (1—Xa)In(1— X,)) (2.51)

Figure 2-4 shows the Gibbs energy of the ideal two-component A—B solution. The left end of
the diagram represents the properties of pure substance A, the right end represents pure B. The
straight line connecting the molar Gibbs energy of the pure substances ° G and °GE, represents
the molar Gibbs energy of a mechanical mixture MM@ . as described previously. The curved
solid line represents the molar Gibbs energies of the mechanical mixture plus the contribution
of the configurational entropy, that is, the molar Gibbs energy of an ideal solution.

The Gibbs energy diagram shown in Figure 2-4 nicely illustrates the relation between the
molar Gibbs energy and the chemical potentials. For a given composition X, the tangent to
the Gibbs energy curve is displayed. The intersections of this tangent with the pure A and B
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O
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0 0.2 0.4 0.6 0.8 1

Mole Fraction X

FIGURE 2-4 Molar Gibbs energy of an ideal solution ™SGy. MMGy, is the molar Gibbs energy of
the mechanical mixture.
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sides mark the chemical potentials pp and pp. Furthermore, from the graph and from equation
(2.50), we can see that the difference between the molar Gibbs energy of the pure component
0G?Z, and the chemical potential y; is equal to RT Iln X;. Moreover, we can identify the molar
Gibbs energy of a solution as the weighted sum of the individual chemical potentials [compare
with equation (2.27)].

In this context, the molar Gibbs energy of the pure component is often alternatively denoted
as %; and for the chemical potentials IS 14; in an ideal solution we have

B =% + RTIn X (2.52)

In an ideal solution, the Gibbs energy of mixing IS AGmix is always negative:
B AGmix = RT Y (X;In X;) < 0 (2.53)

which means that complete mixing of the pure substances is energetically favorable at all
temperatures.

Most mixtures do not behave like ideal solutions. The thermodynamic properties of real
solutions are more complex, and we must rely on more complex approaches to capture their
behavior. Fortunately, most thermodynamic models take the ideal solution model as a reference,
and the behavior of the real mixture is approximated in terms of corrections to ideal solution
behavior. In the next section, a common first-order correction is discussed.

2.2.3 Regular Solutions
The ideal solution was introduced as a mixture with zero enthalpy of mixing AH = 0 and
ideal entropy of mixing 15§ = — > RTX;1n X;. In real solutions, the enthalpy of mixing is
almost never zero because this requires, for instance, that the atomic radii of the components are
equal (otherwise we have lattice distortion and thus introduce mechanical energy) and that the
components behave chemically identical. The latter means that the atomic bond energy between
atoms of different kind must be identical to the bond energy for atoms of the same sort.
Consider two pure substances A and B. In a state where A and B are separated, all atomic
bonding is of either A—A or B-B type. The sum of all bond energies E in pure A and B are then

1 1
EAA: §ZNA'€AA and EBB = §ZNB'€BB (254)

Z is the coordination number and it represents the average number of nearest-neighbor bonds
of a single atom. The factor 1/2 avoids counting bonds between atoms twice. On mixing the
substances, some A—A and B-B bonds are replaced by A-B bonds. In a solution of A and B
atoms with mole fractions X5 and Xg, the probability of an A atom being a nearest neigbor
of a B atom is PAg = N Xp and the probability an A atom neighboring another A atom is
Paa = NX,. Since we have NX A atoms, we have ZN X X bonds between A and B
atoms. Accordingly, for all bond energies of an A—B solution we have

1
Ejp = §ZNA'XA'EAA

1
Epp = 5ZNB - Xp - eBp (2.55)

Ezp = ZN - Xz Xg - €A
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Since the enthalpy of mixing A H is inherently related to the change of energy during mixing,
that is, the difference in the bond energies before and after mixing, we have

1
AH=E-F = S NXaXpZ (€A + BB — 2€aB) (2.56)

A mixture where the deviation from ideal solution behavior is described by the enthalpy of
mixing according to equation (2.56) is called a regular solution. With exp = egp = €an,
the regular solution model simply reduces to the ideal solution model. It is convenient now to
introduce a parameter

w:Z~(6AA+€BB—26AB) (2.57)
The enthalpy of mixing AH is then

AH = JXpXpN w (2.58)
and for the molar Gibbs energy of a regular solution RSGAB with N = 1, we finally have

RSGAB _ 0GAB _p 1Sg 4 Apy
= X %G + (1 Xa) "G,
+RT (XpalnXa + (1 —Xa)In(1—Xya))
1
+§XA(1—XA)~UJ (2.59)

In regular solutions, the mixing characteristics of the two substances depend on the values
of temperature 7" and w. If the like A—A bonds and B-B bonds are stronger than the unlike
A-B bonds, unlike atoms repel each other. The more the difference between the like and unlike
bonds, the higher the tendency for unmixing and formation of two separate phases.

When looking closer at equation (2.59), we find that from the last two terms of this equa-
tions, the first term, which corresponds to the ideal entropy of mixing, is linearly depending on
temperature 7'. The last term, which is the contribution of regular solution behavior, is indepen-
dent of T'. Consequently, the influence of A—B bonds will be stronger at lower temperature and
weaker at higher 7.

Figure 2-5 shows the influence of temperature on the Gibbs energy of mixing ®5AG ik
assuming a positive enthalpy of mixing AH > 0. The upper part of the figure displays the
AG curves for different temperatures, whereas the lower part shows the corresponding phase
diagram. Let us consider an A—B mixture with composition Xp = Xp = 0.5. At higher tem-
perature, for example, T4 or T5, the Gibbs energy of mixing is negative because the entropy
contribution [right-hand term in equation (2.59)], which favors mixing, dominates over the
influence of a positive AH, which favors unmixing. We will therefore observe a solid solu-
tion of the two substances. With decreasing temperature, the entropy contribution also becomes
weaker and weaker until a critical temperature T¢, is reached, where the two contributions
balance. At this point, we observe a change in curvature of AG. At even lower temperatures
(Ty or T»), the repulsion between unlike atoms becomes dominant over the entropy, and we
arrive at a situation where separation of the solution into two phases with different composition
is energetically favorable over complete mixing.

Consider now a situation where you hold the A-B mixture above the critical temperature
Ter, until the two substances are in complete solution. Now bring the solution to temperature 77
so fast that no unmixing occurs during cooling. In Figure 2-5, the Gibbs energy of the solution
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FIGURE 2-5 Molar Gibbs energy of mixing RS AGwix and phase diagram of a regular solution
with AH > 0.

in this state is denoted with G'1 ynstable. Which indicates that the system is not in equilibrium
because the internal process of unmixing of the two substances can decrease its Gibbs energy.
This is indicated by bold arrows in the diagrams. The Gibbs energy of the unmixed state is
denoted as G'y equilibrium and it represents the weighted sum of the Gibbs energies of the two
unmixed phases as indicated by the solid horizontal line.

If unmixing of the solution occurs, the two new phases have compositions that are given
by the intersections of the common tangent with the AG curve. Note that the common tangent
represents the lowest possible Gibbs energy that the two coexisting phases can achieve. The
compositions obtained by this graphical procedure are indicated by the vertical dashed lines
connecting the upper and lower diagrams. The dash-dotted lines mark the inflection points of
the AG curves. These are important in the theory of spinodal decomposition. We will now
derive an expression for the critical temperature Tc;.

According to Figure 2-5, the critical temperature below which phase separation occurs is
characterized by a horizontal tangent and an inflection point at X = 0.5. The latter is defined
as the point where the second derivative of the AG curve is zero. From equation (2.59), for an
A-B regular solution, we obtain

AG — %XA(l —XA)Z w—RT-(XalnXp + (1 - Xa)In(1—Xy))

0AG 1
?AG 1 1
OXA2 __Z""+RT'<XA+1—XA) 260
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The critical temperature of a regular solution is evaluated from setting the second derivative
zero at a composition Xa = Xg = 0.5. We get

Zw
Ter = 1R (2.61)

Let us shift our focus back to the enthalpy of mixing AH and the chemical potentials, and
let us introduce the quantity RS AG®, which represents the excess Gibbs energy of mixing of a
regular solution, with

RSAGS™ = Al (2.62)
From equation (2.56), using X4 = Na/(Na+Np), Xp = Ng/(Na+Np)and N = Npo+Np,
we have

RS A ~ex 1 NANB
AG™ = - ATB
2 Np + Np

For the additional contribution to the chemical potential x%*, we obtain

= (E)RSAG?,’f)
ONa )

1( Ng __ NaNg ) y
2\ Ny +Ng  (Na + Np)?
1

inBQ (2.64)

(2.63)

and the chemical potential of a regular solution can be expressed as

1
RS A =a +RT In Xy + 5wXB2 (2.65)

2.2.4 General Solutions in Multiphase Equilibrium
The formalism of the regular solution model, which has been presented in Section 2.2.3 for
binary A-B solutions, is symmetric with respect to the composition variables X and Xg =
1 — X . In general (“real”) solutions, the Gibbs energy — composition (G — X) curves have
nonsymmetric shape, and a single phenomenological parameter such as w is not sufficient to
describe more complex atomic interactions on thermodynamic grounds.

In a traditional approach to describe the Gibbs energy of general solutions, the chemical
activity a is introduced. The activity a; of a component ¢ and the chemical potential p; are
related by

i =" + RT In a; (2.66)

Comparison of the chemical potential in an ideal solution (equation (2.52)) with equation
(2.66) suggests introduction of an additional quantity, the activity coefficient f;, which is related
to the mole fraction X; and the activity a; with

a; = f; X; (2.67)

According to the definitions (2.66) and (2.67), the activity coefficient f; can be considered
as the thermodynamic quantity that contains the deviation of the thermodynamic properties of
a general solution from ideal solution behavior. The activity a and the activity coefficient f are
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FIGURE 2-6 Activity of Fe and Mo in the liquid and solid (bcc) state of an Fe-Mo solution at
1700°C calculated from computational thermodynamics.

usually complex functions of temperature 7" and composition X. Figure 2-6 shows the activities
of iron and molybdenum in the liquid and solid phases at 1700°C as obtained from computa-
tional thermodynamics. The difference of real solution and ideal solution behavior is observable
as the deviation of the activity curves from the straight dotted diagonals representing the ideal
solution behavior.

Activities of elements in a solution can be obtained from suitable experiments, and the phe-
nomenological coefficients of thermodynamic models can be optimized on these data to give
a good representation of the atomic interactions in the solution. Based on this information,
multiphase equilibria can be determined using computational techniques such as Gibbs energy
minimization (see Section 2.2.9) or equilibration of chemical potentials.

In general multiphase equilibrium with m stable phases a1, a2, . . ., am, the chemical poten-
tials of all elements are identical in each phase (compare also Section 2.1.6). Accordingly, for
each component ¢, we can write

For two phases o, and as, after insertion of equation (2.67), we find

0, as _0 Qr Qr
’“RiT“Z —In ZQ (2.69)

K3

Equation (2.69) can be used to evaluate the partitioning behavior of an element between two
phases in equilibrium. With equation (2.67), the ratio between the mole fractions X; in the two
phases o, and as is given with

XQT 0 (_XS_O Qr Qr
mii = Hi 71nf1% (2.70)
X RT I

Figure 2-7 shows the Gibbs energy diagram of the liquid and solid Fe-Mo phases in ther-
modynamic equilibrium at a temperature of 1700°C. Again, the curves have been calculated
from computational thermodynamics. On the left side, that is, the iron-rich side of the G — X
diagram, the Gibbs energy of the solid bcc phase is lower than the liquid. Therefore, the solid
phase is stable. In a composition region of approximately 0.46 < Xy, < 0.82, liquid and solid
Fe—Mo are in two-phase equilibrium. The Gibbs energy of the two-phase mixture is given by
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FIGURE 2-7 Calculated Gibbs energy—composition diagram for liquid and solid (bcc) Fe-Mo at
1700°C.

the common tangent to the G—X curve of the two phases, which represents the state of lowest
possible Gibbs energy. The composition of the solid and liquid phases are determined by the
intersections of the tangent with the Gibbs energy curves. In equilibrium, the chemical poten-
tials ®*dup, and ®duyg, are read at the intersections of the common tangent with the ordinate
axes. At highest Mo-content, solid bcc molybdenum is stable.

2.2.5 The Dilute Solution Limit—Henry’s and Raoult’s Law

In a dilute solution, solute atoms are dissolved in a matrix of solvent atoms. The concentration
of solute atoms is small compared to the solvent atoms, that is, cgolute < Csolvent- IN an A—B
system, where the concentration of B is small compared to A, and B thus represents the solute,
the probability that two B atoms occur next to each other is assumed to be so low that the
interactions of two B atoms can be neglected.

The dilute solution approximation is a popular simplification and assumption in theoretical
modeling because, on one hand, many alloys systems of technical relevance have dilute solution
character (e.g., microalloyed steels) and, on the other hand, theoretical models for precipitation
kinetics, etc., can be substantially simplified compared to the general solutions for concentrated
alloys.

In this section, thermodynamic properties of a solution in the dilute solution limit will be
explored briefly. For the theoretical discussion of these properties, the regular solution model,
which has been introduced in Section 2.2.3, is employed. Accordingly, comparison of the
general expressions for the activity (2.66) and the activity coefficient (2.67) with the regular
solution chemical potential (2.65) for the solute B yields

1
Y4 4+ RTInag = °up + RTIn X + §wXA2 (2.71)
and for the activity coefficient fg in the regular solution model we have

RTIn fg = %WXAQ (2.72)

Thermodynamic Basis of Phase Transformations 27



In the limiting case of a dilute solution where Xpg <, it follows that X, ~ 1 and we have

RTInfa~ jw and fp=exp s @.73)
Thus, the activity coefficient f of a solute in the dilute solution limit is approximately con-
stant (independent of composition), and the activity is approximately linear proportional to its
mole fraction with the proportionality constant given by equation (2.73). This is called Henry’s
law, after the English chemist William Henry (1775-1836). Figure 2-8 shows the activity of a
regular solution with AH > 0 indicating Henry’s law by a bold dashed arrow.
When looking at the activity coefficient fa of the solvent in the dilute solution limit, with
Xa=x1 andXB2 ~ 0 we find

RTInfa~0 and fa~=~1 (2.74)

Accordingly, for the solvent, the excess contribution to the Gibbs energy of mixing disap-
pears and the activity of the solvent is approximately equal to its mole fraction. The activity of
the solvent is only depending on its own properties, and it is independent of the properties of
the solute (see Figure 2-8). This is called Raoult’s law, according to Francois-Marie Raoult, a
French physicist and chemist (1830-1901).

2.2.6 The Chemical Driving Force
Consider a binary system A-B with two phases « and (. Let a be a solution phase and
be a precipitate phase with limited stoichiometry, that is, the o phase is stable over the entire
composition range and 3 exists only within a limited region. Figure 2-9 shows the Gibbs energy
diagram of this system.

Let us assume that the overall composition is Xy = 0.3 and, initially, the system consists
of only «. The overall composition is marked by a dashed line. The molar Gibbs energy of this
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FIGURE 2-8 Activities and activity coefficients of ideal and regular solution with Raoult’s and
Henry’s law in the dilute solution limit.
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FIGURE 2-9 Calculation of the chemical driving force D¢y, of a binary solution A-B with two
phases o and 3.

configuration is indicated by Gy, and the chemical potentials in the « phase are y} and pg.
From Figure 2-9 it is evident that the total Gibbs energy of the system (which is Gy in the
initial state) can be decreased by AGn, if a certain amount of the phase 3 is formed such that
the final (equilibrium) state is determined by a common tangent to the molar Gibbs energy curve
of both phases. The decrease is given by the difference between the Gibbs energy of the initial
state AGS, and the final state “AGy, with

AGm = “1Gm — Gq, (2.75)

Consider again the initial configuration of only « phase. Since « has more B atoms in solu-
tion than it would have in equilibrium, that is, the Gibbs energy of the system can be decreased
by formation of B-rich (3, this configuration is denoted as a supersaturated solution. Now imag-
ine taking out some A and B atoms from the solution to form a small amount of the new phase (3,
and consider the « phase as an infinite reservoir that does not change its composition in this
process. The change in Gibbs energy AG2, counted per one mole of atoms is then given as the
difference between the Gibbs energy of the atoms taken from the solution X fz Uy + X ]g pg and

the energy G5, after transformation into 0 with
AGH = —(XZpd + X[ufs — GR) (2.76)

Graphically, we can identify AG@ as the difference between the extrapolated Gibbs energy
of the o phase to the composition of the 8 phase expol B and the molar Gibbs energy
GB, of 5.

According to equation (2.36), the driving force D for an internal reaction is equal to the
derivative of the molar Gibbs energy with respect to the internal variable &, which represents the
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extent of the reaction. Since the extent of 3 formation is determined by the number of moles of
the new phase formed N B , we have

d¢ = dN” (2.77)
and
oG 5
D=—[|—— = —AGhHL. 2.78
(8N5>T7P7N @79

Finally, we obtain the general form of the chemical driving force D, for formation of a new
phase 3 in an o matrix as

Dy = (> x7ui - Gh) (279)

So far, we have used the Gibbs energy of the new phase G5, without looking closer into how
this quantity is defined. From Figure 2-9 we recognize that the 3 phase has a finite compositional
range of stability. Therefore, a variety of possible “choices” for the composition of the new
phase exists, and we could assign any composition to it as long as we make sure that its Gibbs
energy GY, is lower than the corresponding extrapolated Gibbs energy expol g A common
and pragmatic approximation to fix this ambiguity is to assume that the § phase has exactly
the composition that yields the highest tendency for formation, that is, the composition with
maximum chemical driving force D.y,.

From graphical considerations, the maximum driving force is obtained by the parallel tangent
to the two phases in the Gibbs energy diagram. This procedure is called tangent construction. It
should be emphasized that the tangent construction also leads to equal differences between the
chemical potentials for all components uf — ps* in the two phases. This fact can be utilized in

practical calculation of X ]g.

Approximation of the composition of the new phase with the maximum chemical driving
force criterion allows us to identify a unique composition that can be used in the analysis of
phase transformation processes. This selection criterion is reasonable at least in the context
of equilibrium thermodynamics, where all internal processes have sufficient time to come to
a rest in every time increment. However, during many dynamic processes, such as solid-state
precipitation or solidification, the new phases often form with compositions that can signifi-
cantly deviate from the maximum driving force composition. These deviations are due to kinetic
constraints and the actual reaction path is determined by alternative processes, such as maxi-
mum Gibbs energy dissipation, which is introduced in Section 6.4.2, where the thermodynamic
extremal principle is introduced and utilized to develop evolution equations for multicomponent
precipitate growth.

2.2.7 Influence of Curvature and Pressure
In this section we will investigate the influence of pressure on the equilibrium between two

phases. The pressure P can be applied in two ways: On one hand, it can act on the two phases in
the form of a hydrostatic pressure and thus affect both phases equally. Since a small hydrostatic
pressure will influence the thermodynamic properties of both phases in approximately the same
way, its influence on the two-phase equilibrium is usually weak and we will not consider this
case further. On the other hand, pressure can act on the phases in the form of curvature induced
pressure. In solid matter, this pressure originates from the interfacial energy of the curved inter-
face between a precipitate and the embedding matrix, and it mainly affects the precipitate phase
while the thermodynamic properties of the matrix phase remain almost unaltered. The influence
of curvature induced pressure on the equilibrium state can be substantial, and it is particularly
large when the precipitates are very small, that is, their radius is in the order of a few nanometers
or less. Curvature induced pressure is the driving mechanism behind a number of important
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metallurgical processes, such as Ostwald ripening or grain/precipitate coarsening, and its origin
will be briefly explored now.

Consider a sphere with radius p. Cut the sphere in half. The length around the sphere is 27p
and the interfacial tension is thus 27yp. «y is the specific interfacial energy in units of J/m? and
it denotes the energy that is stored in unit area of interface. It can also be expressed in units of
force per length, N/m, and it thus also represents a specific force, namely, force per unit length.
The force due to surface tension must be compensated by a pressure force inside the sphere,
which is 7p? P. The extra pressure P inside a sphere due to the curvature of the interface then is

P = Eal (2.80)
p

This simple relation tells us that the pressure difference between a precipitate and the sur-
rounding matrix is inversely proportional to the precipitate radius. It is thus the larger the smaller
the precipitate is. Let us now look at the influence of this pressure on the thermodynamic proper-
ties of the precipitate phase. If we assume that the phases are incompressible, the Gibbs energy
of the precipitate phase will be increased by PAVE. VHB1 is the molar volume of 3 and P is the
extra pressure acting on the (3 particle. The Gibbs energy of the precipitate phase (3 is then

a8 = HE — 188 + AGE, (2.81)
and the excess Gibbs energy AGY, due to interfacial curvature is

29Via
P

AGE = PPV = (2.82)
Figure 2-10 shows the Gibbs energy curves of the o matrix and the g precipitate with and

without the effect of curvature induced pressure. Accordingly, the excess Gibbs energy AGL,
shifts the Gibbs energy curve of the precipitate to higher values. The solid curve in the diagram
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FIGURE 2-10 Influence of curvature induced pressure on a precipitate 3 in an o matrix.
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represents the unstressed Gibbs energy of /3, and the dashed line is the Gibbs energy including
the effect of P. An important result of this analysis is the observation that, due to the increase
of internal pressure in the 3 phase, simultaneously, the equilibrium concentration of B in the
solution phase « is shifted to the right, that is, to higher mole fraction X. Apparently, this effect
is stronger the higher the extra pressure P is and, consequently, the equilibrium concentration
of B around a small particle is higher than the equilibrium concentration of B around a large
particle. If a small and a large precipitate are located next to each other, a composition gradient
will exist between the two, which will cause a net flux of B atoms from the smaller to the larger
particle. This effect is known as coarsening or Ostwald ripening.

Finally, we explore the relation between the pressure increase in the precipitate and
the change in equilibrium concentration of component B in the surrounding matrix. From
Figure 2-10 we can see that the slope of the tangent to the Gibbs energy curves of the stressed
and unstressed § phases can be approximated with

oGxRY Gt —ax”
- 3,P a,P
X xp' - Xxg

oG  GP -Gy

= and
X Xxp - xg

(2.83)

with the superscript “P” denoting the variables under the influence of pressure. Furthermore,
we can approximate the curvature of the Gibbs energy curve with

Gt aGe
2 m _ m
0°Gn  Xn — 0Xn

W

(2.84)

On substitution of equation (2.83) into (2.84) and with the assumption that the distance
X g — X§ is sufficiently large compared to the shift in compositions in the individual phases,
we find

82GY

. PV5 (2.85)
0X3

xp¥ - X§ = [(Xé - X8)-

Equation (2.85) provides an approximation of the equilibrium composition of B in the vicin-
ity of a precipitate, if matrix and precipitate composition are sufficiently different from each
other. However, the equation still contains the second derivative of the Gibbs energy, a quan-
tity that might not always be readily available. If the solution behaves approximately like an
ideal solution, which it does at least in the dilute solution limit of low Xg, we can substitute
the derivative by

0°Ge, RT  RT _ RT _ RT
X% T XA Xp XaXp Xp

(2.86)

With this approximation and equation (2.82), we finally have

X%P_Xg_Xig.%.l (2.87)
B - 3 .
Xgp-Xxg BT »p

or

, P

s
X' =Xg - 1+527—Vm~l (2.88)
(Xg— X8)-RT »
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Equation (2.88) is the linearized form of the well-known Gibbs—Thomson equation. In this
form, it represents a reasonable approximation for larger precipitate radii. In a more general
approach, it can be shown that this equation becomes

B
XgF = Xgexp |y L (2.89)
(X —X8)-RT P

This version of the Gibbs—Thomson equation gives a better approximation for small precipitates.

2.2.8 General Solutions and the CALPHAD Formalism

The energetic interactions between individual atoms (bonding energies) in a multicomponent
alloy are extremely complex, and treating each of these on a rigorous basis is still out of reach
of current computational capabilities. Instead, solution thermodynamics tries to treat the proper-
ties of solutions on a macroscopic, phenomenological scale and utilizes statistical methods and
average quantities to bypass treating the individual atomic interactions.

It was already emphasized that general (or real) solutions rarely behave like ideal or regular
solutions. It is convenient, however, to take the ideal solution model as a reference state and
express the properties of the real solution in terms of excess quantities. The Gibbs energy of a
real solution can thus be written as

Gm = 2Gm — T Sm + “Gm (2.90)

®*Gm is the excess Gibbs energy and it contains all interactions between atoms in excess to
ideal solution behavior.

From a mathematical point of view, one could take arbitrary functions to represent “*Gr, as
long as it is ensured that the functions go to zero at the limits of the pure components. A very
popular formalism to describe the excess Gibbs energy is based on a polynomial series proposed
by Redlich and Kister in 1948. Accordingly, we have

Gm =Y FLij - XiX;(X; — X;)" (2.91)
i#]
The indices 7 and j represent two components and the interaction parameters kLij describe the
intensity of the excess interaction between components i and ;5. The exponent k£ > 0 is an integer
and defines the order of the so-called Redlich—Kister polynomial (see Figure 2-11).

It is important to note that the Redlich—Kister polynomials are not symmetric with respect
to 7 and j. Consequently, we must be careful not to exchange the order of the components when
evaluating the interaction terms. If we only consider interactions of zeroth order, equation (2.91)
reduces to

X ="Lij - Xi X (2.92)

By comparision with equation (2.58), we can identify the relation between the zeroth-order
interaction parameter and the regular solution parameter w with

Or;; = %N ‘w (2.93)

Consequently, if the thermodynamic description of the solution involves only zeroth-order inter-
actions, the solution behaves like a regular solution. Higher-order interactions between atoms
are described by Redlich—Kister polynoms with k£ > 1.
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FIGURE 2-11  Shape of Redlich-Kister polynomials for k > 0, L;; =1 and X; = 1 — X.

Solution Phases with Multiple Sublattices
In the previous chapters we have introduced a model that describes the thermodynamic
properties of general multicomponent solutions. However, we have assumed that the atoms are
arranged on a single lattice and that all lattice sites are equivalent. In a real crystal, this is rarely
the case and certain types of atoms are located on separate sublattices. A typical example of
a multisublattice phase is, for instance, the iron-based carbide cementite, which has the fixed
stoichiometry Fe3C and where the C atoms occupy a different sublattice than the Fe atoms. In
higher-order systems, part of the Fe atoms on the substitutional sublattice of the cementite phase
can be substituted by elements such as Cr or Mn. These atoms will never replace C atoms, which
reside on a different sublattice, but only occupy sites on the Fe sublattice. The stoichiometry of
the M3C carbide, where “M” stands for the elements Fe, Cr, and Mn, is therefore usually written
as (Fe, Cr, Mn)3C, to indicate that some components share common sublattices.

In thermodynamic modeling of phases with multiple sublattices, the following assumptions
are made:

1. On each sublattice, consider a number of one formula unit of atoms, that is, one mole of

atoms.

2. Assume random mixing on each sublattice, but no mixing across the sublattices.

3. The amount of an element in a phase is described by the site fraction variable y;, which
denotes the number of moles of atoms of type ¢ on each sublattice s.

For the site fractions on each sublattice we have

yi =1 (2.94)

and

0<y; <1 (2.95)
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Equations (2.94) and (2.95) can be viewed as constraints of the thermodynamic model,
namely, the sublattice model. They have to be taken into account when manipulating thermody-
namic quantities or when evaluating phase equilibria.

Most metals have fcc, bee, or hep crystal structure, and they are modeled by two sublat-
tices to take into account that interstitial atoms, such as C or N, can occupy interstitial sites
between the substitutional sites of the metal atoms. For instance, pure fcc or bee Fe can dissolve
a certain amount of interstitial C, and the Fe solution phases are modeled such that the first sub-
lattice holds all substitutional elements whereas the interstitial sublattice holds the interstitial
atoms. Since equation (2.94) must be generally valid, for the interstitial sublattice, an addi-
tional, hypothetic component named vacancy must be introduced. Vacancies in the sublattice
model represent empty interstitial lattice positions and they are denoted by the symbol “Va.”
For the relation between the mole fractions X; in a solution and the site fractions y; we then
have

Zs (bs : (1 - yig/a))

The factors b° denote the number of lattice sites on each sublattice and they thus define the
stoichiometry of the phase. Equation (2.96) relates the total mole fraction X; of a component in
a phase to the sum of its individual site fractions y; on each sublattice. Since we have assumed
that each sublattice holds one mole of atoms, the total mole fraction sum must be divided by the
total number of moles in the phase. The term in parentheses (1 — y5,) takes into account that
interstitial vacancies are only hypothetical components and, therefore, do not contribute to the
total number of atoms.

When calculating the Gibbs energy for a multisublattice phase, we have to be aware of the
fact that the Gibbs energy of the pure components now has different meaning than in a one-
sublattice solution model. Take, for instance, the usual sublattice model for the iron fcc phase
in the Fe—C system, which is (Fe); (C, Va);. The substitutional sublattice is entirely occupied
by Fe, whereas the interstitial sublattice contains C atoms and/or vacancies. When writing the
Gibbs energy of Fe, we have to define which component, C or Va, should occupy the interstitial
sublattice. We therefore have two configurations (Fe);(C); and (Fe);(Va); instead of only one
previously, both of them representing a “pure” component. When using the colon symbol “:”

. . . It f
as a separator for sublattices, we have the Gibbs energies OGFCeC:Va and OGﬁ;C. When further
assuming ideal entropy of mixing on the interstitial sublattice, the Gibbs energy of one mole of
Fe—C solution in the sublattice model becomes

f 0 1 0pfcc 0 1 0pnfcc
G = ypeYva - GFe:Va + UFRYC - GFe:C
+ RT(y& Inyd + yva lny) + G (2.97)

The general expression for the Gibbs energy of a phase « in the two-sublattice model is
Go= 3" uiyh-0Gh; + Y RTy; ny; + 6" (2.98)
t#s,i,j ER’
and the excess Gibbs energy in terms of Redlich—Kister polynomials
G = Z Lijim - yiyiym (i — y)" + Z "Lisjom - yiyiym(y; —ym)* (2.99)
i#j,m ij#m

Extension of equations (2.98) and (2.99) to more sublattices is straightforward and will not
further be discussed in this book. The reader is referred to references [Hil98, SM98].
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Magnetic Excess Energy

In the previous sections we have introduced a thermodynamic model for solutions with multiple
sublattices. Based on the ideal solution model, we have defined the excess Gibbs energy “*Gm,
which contains all deviations from ideal solution behavior. However, not all physical effects
can easily be incorporated into this mathematical formalism and we have to model these effects
separately. A typical example for this is magnetic ordering in ferromagnetic substances such
as Fe, Co, or Ni. Figure 2-12 shows the specific heat capacity of pure Fe with and without
contribution from magnetic ordering.

Among a number of others, a nowadays widely used model for magnetic ordering has been
suggested by G. Inden [Ind76]. It describes the transition from the disordered state to the mag-
netically ordered state by a series based on the normalized temperature 7 = 7/T¢ and the
magnetic moment [m,. T¢ is the Curie temperature and it is defined by the inflection point of
the magnetic entropy. For the Gibbs energy contribution of magnetic ordering ™°G,, above the
Curie temperature 7 > 1, we have

10 315 1500

518 11692 (1
g [ | 2.1
(1125 * 15975 (p )) (2.100)

-5 —15 —25
MO = —RTIn(fm +1) - (T— +I 4 Z ) /

and for 7 < 1, we have

MG = RTIn(Bm + 1)
L[y
140p ' 497 \p 6 ' 135 ' 600
518 11692 (1
s ARl (| 2.101
(1125+15975 (p )) (2.101)

The parameter p is 0.28 for fcc metals and 0.40 for bcc metals.
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FIGURE 2-12 Molar specific heat capacity of pure iron. Calculated from computational thermo-
dynamics and using the database of Section 2.2.8. Solid line: Cy including effect of ferromagnetic
ordering. Dashed line: C, without magnetic ordering.
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A CALPHAD Thermodynamic Database for Fe—-Cr-C

In recent times, a number of thermodynamic data have become available in the framework of
the so-called CALPHAD (CALculation of PHAse Diagrams) method. Some of these databases
have been developed in large research projects such as the European initiative COST or the
Scientific Group Thermodynamique Europe (SGTE) and within these projects, most of the
thermodynamic parameters describing the Gibbs energy of particular alloy systems have been
published in literature. They are thus (almost) freely available to the scientific community. Typi-
cally, one can find thermodynamic assessments of alloy systems in the CALPHAD journal or the
Journal of Phase Equilibria. Many other alloy databases are available on a commercial basis.

When evaluating thermodynamic data to obtain Gibbs energies of solution phases or
chemical potentials, it is advantageous to briefly review the basics of one of the standard
database formats, here the format used by, for example, the thermodynamic software package
ThermoCalc. More details are given in Saunders and Miodownik [SM9S].

Each line of the database is delimited by an exclamation mark “!”. Multiple spaces and line
breaks are treated as white spaces and are ignored. By convention, the dollar sign “$” is used
to indicate a comment. The entire text until the end of the line is then considered as a comment
and ignored. Subsequently, we present a basic thermodynamic database for the Fe-Cr—C system,
containing the solution phase BCC_A2 (bcc structure of A2 type) and the three carbide phases
cementite (M3C), Ma3Cg, and M7Cs. The database lines are displayed in typewriter font.

$ Thermodynamic database for Fe-Cr-C
$ 2005-09-01

ELEMENT VA VACUUM 0.0000E+00 0.0000E+00 0.0000E+00!
ELEMENT C GRAPHITE 1.2011E+01 1.0540E+03 5.7400E+00!
ELEMENT CR BCC_A2 5.1996E+01 4.0500E+03 2.3560E+01!
ELEMENT FE BCC_A2 5.5847E+01 4.4890E+03 2.7280E+01!

The first few lines include a comment to the origin of the database and four lines that define
the elements that are included in the database. The three numeric values represent the molar
weight of the element in grams as well as the enthalpy and entropy at a temperature of 298 K
and a pressure of 1 atm.

S definition of some functions

FUNCTION GHSERCC 2.98150E+02 -17368.441+170.73*T-24.3*T*LN (T)
=4 .723E-04*T**2+2562600*T** (=1)-2.643E+08*T** (-2) +1.2E+10*T** (=-3) ;
6.00000E+03 N !

FUNCTION GHSERCR 2.98140E+02 -8856.94+157.48*T-26.908*T*LN(T)
+.00189435*T**2-1.47721E-06*T**3+139250*T** (-1); 2.18000E+03 Y
—-34869.344+344.18*T-50*T*LN(T)-2.88526E+32*T** (-9);
6.00000E+03 N !

FUNCTION GHSERFE 2.98140E+02 +1225.7+124.134*T-23.5143*T*LN(T)
—.00439752*T**2-5.8927E-08*T**3+77359*T** (-1); 1.81100E+03 Y
-25383.581+299.31255*T-46*T*LN(T) +2.29603E+31*T** (-9);
6.00000E+03 N !

FUNCTION GFECEM 2.98150E+02 -10745+706.04*T-120.6*T*LN(T) ;
6.00000E+03 N !
FUNCTION GFEFCC 2.98140E+02 -1462.4+8.282*T-1.15*T*LN(T)+

6.4E-04*T**2+GHSERFE#; 1.81100E+03 Y
—27098.266+300.25256*T-46*T*LN (T)+2.78854E+31*T** (-9);
6.00000E+03 N !
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FUNCTION GCRFECC 2.98150E+02 +7284+.163*T+GHSERCR¥#;
6.00000E+03 N !
FUNCTION GCRM23C6 2.98150E+02 -521983+3622.24*T-620.965*T*LN (T)

—.126431*T**2; 6.00000E+03 N !
FUNCTION GFEM23C6 2.98150E+02 +7.666667*GFECEM#
-1.666667*GHSERCC#+66920-40*T; 6.00000E+03 N !
FUNCTION GCRM7C3 2.98150E+02 -201690+1103.128*T

-190.177*T*LN(T)—-.0578207*T**2; 6.00000E+03 N !

Each of these functions starts with the keyword “FUNCTION” and its name. Functions are
defined for convenience, if quantities are used multiple times, or for clearer structuring. In the
preceding case they represent the pure element states as previously described in this Section.
The function name is followed by the lower temperature limit for the next polynomial, which
describes the quantity as a function of temperature and/or pressure. The polynomial ends with a
semicolon “;”. Next is the upper temperature limit and an “N” if no further data follows or “Y”
if data for another temperature interval is defined.

TYPE_DEFINITION & GES A_P_D BCC_A2 MAGNETIC -1.0 0.4 !

This line defines the magnetic properties of the bcc solution phase. The last number repre-
sents the parameter p from equations (2.100) and (2.101).

$ definition of the bcc phase
PHASE BCC_A2 %& 2 1 3!
CONSTITUENT BCC_A2 :CR%,FE% : C,VA% : !

The keyword “PHASE” starts the phase definition. The phase name is followed by symbols,
which have been defined by the keyword “TYPE_DEFINITION,” then the number of sublattices
and the number of moles on these sublattices. The keyword “CONSTITUENT” defines the
elements on the individual sublattices separated with a colon “:”. The percent sign “%” after
an element indicates major constituents, which are elements that occur on this sublattice in
significant amounts.

$ thermodynamic parameters of the bcc phase: unary parameters

PARAMETER G (BCC_A2,CR:VA;0) 2.98150E+02 +GHSERCR#;
6.00000E+03 N !

PARAMETER G (BCC_A2,FE:VA;0) 2.98150E+02 +GHSERFE#;
6.00000E+03 N !

PARAMETER G (BCC_A2,CR:C;0) 2.98150E+02 +GHSERCR#+3*GHSERCC#
+416000; 6.00000E+03 N !

PARAMETER G(BCC_A2,FE:C;0) 2.98150E+02 +322050+75.667*T
+GHSERFE#+3*GHSERCC#; 6.00000E+03 N !

$ thermodynamic parameters for magnetic ordering

$ TC: Curie temperature

$ BMAGN: Bohr magneton number

PARAMETER TC (BCC_A2,FE:C;0) 2.98150E+02 1043;
6.00000E+03 N !

PARAMETER BMAGN (BCC_A2,FE:C;0) 2.98150E+02 2.22;
6.00000E+03 N !

PARAMETER TC (BCC_A2,CR:C;0) 2.98150E+02 -311.5;
6.00000E+03 N !
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PARAMETER BMAGN (BCC_A2,CR:C;0) 2.98150E+02 -.008;
6.00000E+03 N !

PARAMETER TC (BCC_A2,CR:VA;0) 2.98150E+02 -311.5;
6.00000E+03 N !

PARAMETER BMAGN (BCC_A2,CR:VA;0) 2.98150E+02 -.01;
6.00000E+03 N !

PARAMETER TC(BCC_A2,FE:VA;0) 2.98150E+02 1043;
6.00000E+03 N !

PARAMETER BMAGN (BCC_A2,FE:VA;0) 2.98150E+02 2.22;
6.00000E+03 N !

$ interaction parameters

PARAMETER G(BCC_A2,CR,FE:C;0) 2.98150E+02 -1250000+667.7*T;
6.00000E+03 N !

PARAMETER BMAGN (BCC_A2,CR,FE:C;0) 2.98150E+02 -.85;
6.00000E+03 N !

PARAMETER TC (BCC_A2,CR,FE:C;0) 2.98150E+02 1650;
6.00000E+03 N !

PARAMETER TC (BCC_A2,CR,FE:C;1) 2.98150E+02 550;
6.00000E+03 N !

PARAMETER G (BCC_A2,CR:C,VA;0) 2.98150E+02 -190*T;
6.00000E+03 N !

PARAMETER G (BCC_A2,FE:C,VA;0) 2.98150E+02 -190*T;
6.00000E+03 N !

PARAMETER G (BCC_A2,CR,FE:VA;0) 2.98150E+02 +20500-9.68*T;
6.00000E+03 N !

PARAMETER BMAGN (BCC_A2,CR,FE:VA;0) 2.98150E+02 -.85;
6.00000E+03 N !

PARAMETER TC (BCC_A2,CR,FE:VA;Q0) 2.98150E+02 1650;
6.00000E+03 N !

PARAMETER TC (BCC_A2,CR,FE:VA;1) 2.98150E+02 550;
6.00000E+03 N !

The keyword “PARAMETER?” is followed by the type of parameter (G, TC, or BMAGN),
with the phase name and the elements. Again, sublattices are separated by a colon. After the
semicolon comes the exponent k of the Redlich—Kister polynomials (see earlier in this Section).
This parameter is only of relevance for interaction parameters.

Finally, the definition of the thermodynamic data for the carbide phases:

$ data for cementite
PHASE CEMENTITE % 2 3 1!
CONSTITUENT CEMENTITE :CR,FE% : C : !

PARAMETER G (CEMENTITE,CR:C;0) 2.98150E+02 +3*GHSERCR#+GHSERCCH#
~48000-9.2888*T; 6.00000E+03 N !

PARAMETER G (CEMENTITE,FE:C;0) 2.98150E+02 +GFECEM#;
6.00000E+03 N !

PARAMETER G (CEMENTITE,CR,FE:C;0) 2.98150E+02 +25278-17.5*T;
6.00000E+03 N !

PHASE M23C6 % 3 20 3 6
CONSTITUENT M23C6 :CR%,FE% : CR%,FE% : C : !
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PARAMETER G (M23C6,CR:CR:C;0) 2.98150E+02 +GCRM23C6#;
6.00000E+03 N !

PARAMETER G (M23C6,FE:CR:C;0) 2.98150E+02 +.1304348*GCRM23C6#
+.8695652*GFEM23C6#; 6.00000E+03 N !

PARAMETER G (M23C6,FE:FE:C;0) 2.98150E+02 +GFEM23C6#;
6.00000E+03 N !

PARAMETER G (M23C6,CR:FE:C;0) 2.98150E+02 +.8695652*GCRM23C6#
+.1304348*GFEM23C6#; 6.00000E+03 N !

PARAMETER G (M23C6,CR,FE:CR:C;0) 2.98150E+02 -205342+141.6667*T;
6.00000E+03 N !

PARAMETER G (M23C6,CR,FE:FE:C;0) 2.98150E+02 -205342+141.6667*T;
6.00000E+03 N !

PHASE M7C3 \% 2 7 3!
CONSTITUENT M7C3 :CR%,FE : C : !

PARAMETER G (M7C3,CR:C;0) 2.98150E+02 +GCRM7C3#;
6.00000E+03 N !

PARAMETER G(M7C3,FE:C;0) 2.98150E+02 +7*GHSERFE#+3*GHSERCC#
+75000-48.2168*T; 6.00000E+03 N !

PARAMETER G(M7C3,CR,FE:C;0) 2.98150E+02 -4520-10*T;
6.00000E+03 N !

2.2.9 Practical Evaluation of Multicomponent Thermodynamic Equilibrium

Formulation of the Equilibrium Condition

In this section, the numerical algorithm for calculation of thermodynamic equilibrium based on
the condition of minimum Gibbs free energy (compare Section 2.1.6) is eluciated. The algo-
rithm is implemented in the present form, for example, in the thermodynamic engine of the
thermodynamic/kinetic software package MatCalc (http://matcalc.tugraz.at). In evaluating ther-
modynamic equilibrium between [ different phases, we first write down the general expression
for the total Gibbs free energy G of the system with

G=NGn=G=N>_ fGh (2.102)
l

where the subscript “m” denotes molar quantities. N is the number of moles of atoms in the
system and f is the fraction of each of the participating phases. When limiting the further treat-
ment to one mole of atoms, at a given temperature 7" and a given pressure P, we first assume that
each phase is described by the mole fractions Xf of each of its constituents i. If the system is in
thermodynamic equilibrium, each variation of any of the system variables, being either a phase
fraction variable f Lora composition variable X f will increase the total Gibbs free energy and
lead to a less stable thermodynamic configuration. According to the discussion in the previous
sections, the equilibrium criterion for the system can be manifested in terms of a minimum in
its molar Gibbs free energy

G (T, P, X])equ = > f1Gla(T, P, X}) = min (2.103)
l

In the general case of phases with multiple sublattices, the mole fraction variables Xf
are replaced by their corresponding site fraction variables lyf, where the index s is the
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corresponding sublattice index. The relation between mole fraction and site fraction variables
has already been presented in equation (2.96) and is repeated here for convenience:

xl— 2 y)

2.104
Zs (bs . (1 - yig/'a)) ( )

b® are stochiometry factors describing the number of sites that are available on each sublattice s.
Yy, are the site fractions of vacant interstitial sublattice sites.

In view of equation (2.104), it is apparent that a unique phase constitution with respect to the
sublattice model will require knowledge of all site fractions y; rather than only the mole frac-
tions Xf. Consequently, the mathematical statement representing thermodynamic equilibrium
in the frame of the sublattice model finally reads

> HGL(T, P yf) = min (2.105)
1

Implicit Constraints

An important issue that must not be ignored in solving equation (2.105) is the fact that various
boundary conditions are implicitly given by the mathematical formalism of the thermodynamic
model. In case of the sublattice model, valid solutions must satisfy the mass balance equation
for each species 4

Soxiof=x) (2.106)
l
where X? is the total system mole fraction, the global conservation of phase fractions

Sft=1 (2.107)

l

and, with particular regard to the sublattice model, the site fraction balances

g =1 (2.108)

i

Finally, all system variables ' y; and f ! must range between 0 and 1, which can be expressed
by the following inequalities:

0<f <1 (2.109)

Mole Fraction and Site Fraction Constraints

The system constraints (2.106)—(2.109) are mandatory and need to be satisfied in all cases,
that is, both in unconstrained and compositionally constrained thermodynamic equilibrium. The
constraints that are discussed subsequently apply to equilibria with additional compositional
restrictions, namely, restrictions that control some or all of the composition variables within
a particular phase. Formally, compositional constraints can be introduced in various ways.
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The following generic variant simply limits the mole fraction of an element j in a phase [ to

a constant value cé» with

xXh—di=o0 (2.110)

On the other hand, one can also consider the ratios among the constrained elements rather
than fixing the individual mole fractions. Accordingly, an alternative type of composition
variable ué can be introduced with

l
uj = & !
2 X,
Normally, the summation & is performed over the substitutional sublattices. However, in a
more general context, the so-called u-fraction variable should be defined in terms of constrained
and unconstrained phase components rather than interstitial and substitutional sublattices. Thus,
for application to compositionally constrained equilibrium analysis, the summation is defined
to include all system components, which are restricted by a compositional constraint. This more
general definition allows for a convenient representation of the mutual relations among the con-
strained (less mobile) elements, independent of the amount of unconstrained (fully mobile)
components. The u-fraction constraint is set as

(2.111)

ul —dh =0 (2.112)

where dé is an arbitrary constant.

For numerical equilibrium analysis, it is important to recognize that the two constraints
(2.110) and (2.112) represent completely different types of restrictions, which apply to different
practical situations. Figure 2-13 presents the differences between X - and u-fraction constraints
graphically. As an example, consider the arbitrary ternary system A—B—C, where a component
B is virtually immobile and therefore subject to a compositional constraint. Component A is
treated as the dependent species and its amount is given by X4 = 1 — Xp — X. The left
side of Figure 2-13 represents the constraint Xp = constant, thus corresponding to a situation
where the components A and C are assumed to be fully mobile, whereas component B main-
tains constant mole fraction. In contrast, the constraint ug = constant (right side) denotes that
only component C is considered to be mobile and the ratio between the amounts of components
A and B is the same all along the line representing the constraint.

Xp = const.

A B A B

FIGURE 2-13  Interpretation of X-and u-fraction constraints in a ternary system A-B—C (schematic).
Any composition, which satisfies the corresponding constraint, is located on either of the two dashed
lines.
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Numerical Minimization

A solution to the minimum Gibbs free energy expression (2.105) that simultaneously satisfies
the mandatory constraints (2.106)—(2.109) and, optionally, additional conditions (2.110) or
(2.112), can be obtained by application of the Lagrange multiplier method. By that means,
the problem of finding the constrained minimum of a multivariable function is transformed into
the problem of finding the solution to a set of coupled nonlinear equations. This procedure will
now be demonstrated.

As a first step, a dummy variable v; is formally introduced, representing both the phase
fraction variables f' and the site fraction variables lyj. Then, the equality constraints (2.106)—
(2.108) are rearranged into a form g(v;) = 0 and, analogously, all compositional constraints
(2.110) and (2.112) are rewritten to yield p(v;) = 0. The inequalities (2.109) are converted into
expressions h(v;) = 0. A functional F' can then be defined with

F(vj, A, m, ) = Gm(v5) + angn(vj) +

> tmhm(vy) + > Tk (vr) (2.113)
m k

The parameters Ap, 7m, and 75, are Lagrange multipliers, and the functions gn (v;), hm(v;),
and p(v;) represent the mandatory and optional constraints introduced before. The index n
counts from 1 to the total number of equality constraints, m counts to the number of currently
active inequalities, and k£ denotes the number of optional compositional X- and u-fraction
constraints.

The Lagrange multiplier transformation is accomplished by requiring that in the true
minimum of the functional F(v;, An,nm, 7y), all of its derivatives with respect to the system
variables v; and the Lagrange multipliers An, 7m, and 73, have to be equal to zero, that is,

OF (vy) 0 OF (vy)
a’l}j ’ 8)\n

OF (vj) 0 OF (vj)

=0, Onm, oy,

=0 (2.114)

The transformation yields a system of coupled nonlinear equations (2.114), which can be
solved by standard methods. In many practical cases, an iterative procedure based on the
Newton—Raphson algorithm will be the method of choice.

Finally, it is noted that if the solution of the constrained minimization problem satisfies
all imposed boundary conditions, that is, gn(v;) = 0, hm(v;) = 0 and pg(v;) = 0, the
multipliers An, nm, and 73 can, in principle, take any numerical value (except zero!) without
influencing the final solution. A global or local minimum of the functional F'(vj, An, m, 7).
therefore, simultaneously represents the global or local minimum of the total Gibbs free
energy Gm (vj).

Expressions for the Derivatives of F (vj, An, s Tic)

Before explicitly writing down the expressions for the derivatives of the functional F, it is
advantageous to rewrite F'(vj, An, im, 7, ) first, by separating the different types of system vari-
ables and Lagrange multipliers. From equation (2.113) and after separation, we obtain
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"’
n J

Z 77;”/ 'Um/ —+ Z 17;;7,” (1 — ’Um//) +
m/ m//
Z Tk/ (X]lcl — CL/) —|— Z Tk“ (ui}u — dic//)
X X

The index ! counts from 1 to the total number of active phases. n counts the number of
independent components in the system. As there is only one phase fraction balance in the sys-
tem, n’is always one. This index will, for that reason, be omitted in the following expressions.
n denotes the accumulated number of sublattices in all active phases. The index j refers to the
number of constituents on a particular sublattice and s designates the number of sublattices in
a particular phase. The index m’ denotes the number of active inequalities from the condition
v; > 0 and m’ from v; < 1 [equations (2.109)]. The indices k and k”, finally, refer to the
number of X - and u-fraction constraints in the system, written in terms of equation (2.110) and
(2.112), respectively.

In the following, expressions are given for the partial derivatives of F' [equation (2.116)]
with respect to each type of system variable and Lagrange multiplier. The mandatory inequality
constraints [equations (2.109)] are omitted subsequently for the benefit of clarity.

e Phase Fraction Variable f': one equation for each active phase [:

oOF ’ "
@IGE(%)JFZ(/\n'XL')ﬂLA =0 (2.116)
n/

e Site Fraction Variable ly‘]‘f': one equation for each site fraction variable ly‘;- on each

sublattice s in each active phase I:

OF , 9Gh (v)) ’ I 0XL,
== . )\/'
ot~ oty T2 (f 2 o) *

J

1" ’ 8Xl, " aul "
k k _
)\n,,,:T + E T <6(ls)> + E T <8(ly5)> =0 (2.117)
I

Yj

The index r denotes the index of the particular site fraction balance that the variable lyj-
is part of.
¢ Lagrange Multipliers for Element Mass Balance A, one equation for each indepen-

’
dent system component 7 .

OF
N,
n

Srixl -x0% =0 (2.118)
l
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The derivatives with respect to the mass balance multipliers n’ are identical to the original
mass balance statements in equation (2.107).
1"
¢ Lagrange Multiplier for Phase Fraction Balance A : there is only one equation in the
system.

g%;:E:ﬂ—lzo (2.119)
l

This derivative is identical to the phase fraction balance statement in equation (2.106).
* Lagrange Multiplier for Site Fraction Balance A . : one equation for each sublattice
s in each active phase [.

yi—1=0 (2.120)

The summation is performed over the site fraction variables on the particular sublattice
the index . refers to. These derivatives are identical to the original site fraction balance
statement in equation (2.108).

e Lagrange Multipliers for X- and u-Fraction Constraints Tl// and Tl//// : one equation for
each constraint in each phase I.

oF 1 l
87—/ = Xk'/ — Ck/ =0 (2121)
k/
OF l l
87-7” = Uk// — dk‘” =0 (2122)
k'”

These derivatives are identical to the original constraint statements in equations (2.110)
and (2.112).

Equations (2.116)—(2.122) define the system of equations, which has to be solved simulta-
neously to evaluate thermodynamic equilibrium at given boundary conditions.
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3 Monte Carlo Potts Model

—Mark Miodownik

3.1 Introduction

A soap bubble is an extraordinarily beautiful thing and yet it requires virtually no skill to
produce. This is because surface tension does all the work for you, making sure that a perfect
spherical liquid membrane is produced every time. In fact it is impossible to blow imperfect bub-
bles. Even if you try to blow the bubble through a noncircular orifice you may at first achieve a
temporary nonequilibrium shape (see Figure 3-1), but the end result is always a perfect sphere.

In this chapter we will show how such beautiful but tyrannical surface tension effects can
be investigated using the computational equivalent of soap bubble solution: the Potts model.
Like soap bubble solution it is easy to use and provides fundamental insights into surface ten-
sion phenomena; but also like soap bubble solution, it can lead to a sticky mess. The aim of
this chapter is to provide a best practice implementation guide to the model. It is divided into
four sections. The first deals with the Ising model, which is considerably simpler than the Potts
model but will allow us to discuss the physics of boundary motion that is encapsulated in the
Potts model. It also allows the reader to get some experience of coding of simple Potts-like
algorithms. In the second section, we introduce the -state Potts model and show the diverse
range of phenomena that can be simulated. Section 3 is an algorithm section, allowing the reader

FIGURE 3-1 A soap bubble in an intermediate state, before becoming a perfect sphere.
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to improve the efficiency of the Potts code should they wish. The final section introduces the
reader to a range of industrial applications of the Potts model.

3.2 Two-State Potts Model (Ising Model)

In this section we consider the case when a microstructure can be defined as consisting of two
degenerate spin states. Traditionally this is called an Ising model and has been used to study the
dynamics of magnetic spin systems. The model has also been used to study the microstructural
evolution of grain boundaries, since the two states can code for the two crystal orientations
either side of a single grain boundary, and so be used to simulate the behavior of bicrystals,
such as that shown in Figure 3-2. The Ising model can capture not just the basic characteristics
of a boundary, such as its interface free energy, but also the subtleties of the second derivative
of energy with respect to boundary orientation and thus be used to investigate the impact of
the Herring equation on curvature driven growth. Also since the system is extremely simple,
consisting of only two states, it provides a clear introduction to the more complicated @-state
Potts model.

3.2.1 Hamiltonians

The Ising model describes an ideal two component system in which space is typically discretized
into a regular array of lattice sites. The state of the system is described in terms of the set of
components of the system, called spins, which are associated with each lattice site, s; € {0, 1},
where i labels the lattice site. The system defines a boundary between unlike spins and no
boundary between like spins in the following way:

) N 0 for S; = S5
v(si,85) = { I fors, # s, 3.1

where ¢ represents a site and j its neighbor, and J(> 0) is an interfacial energy constant of the
system. Thus the energy of the system can be written as a sum over the spatial distribution of
the spins as

N =z
E=Y "> 5(sis;) (3.2)

i=1j=1

FIGURE 3-2 The experimental setup of bicrystal experiments using the grim-reaper geometry. This
experimental system yields boundaries that move at constant velocities and so can be used to
measure grain boundary mobility.
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where N is the total number of lattice sites in the system, and z is the maximum number of
neighbors. The definition of neighbor spin depends on the dimension and coordination of the
lattice, which we will cover in Section 3.2.3.

The Hamiltonian may also include a volume energy term, H (> 0), which lowers the energy
of one type of spin relative to the other. This energy is associated with an external or volume
driving force and results in a modified Hamiltonian

N

N z
E=) > Alsisj) —HY si (3.3)

i=1j=1 i=1

where the H term represents a sum over spins s; = 1.

In terms of magnetic domains, the Hamiltonian describes a ferromagnetic system in which
the perfectly ordered state has zero energy and H represents an external magnetic field. Under
the microstructural paradigm considered here, J scales with the interfacial energy of system in
which the single crystal has zero energy; all polycrystalline states have positive energy which
scale with the total boundary area. H, as we will see later, may represent an external field but
more frequently is used to deal with stored energies that arise in the case of deformed structures
and so provides a driving force for recrystallization.

3.2.2 Dynamics (Probability Transition Functions)
The distribution of the spins in the lattice represents the state of the system. We can use a Monte
Carlo method to sample different states. The method is extremely simple in principle: choose a
site at random, propose a change in spin, calculate the change in energy A E associated with that
spin swap, and accept or reject the change based on AFE. This amounts to a biased navigation
through state space. There are two main methods for performing such dynamics. The first is
Glauber dynamics where the spins are unconserved. A lattice site is chosen at random, and a
new spin proposed for the site. The new Hamiltonian is computed and the change is accepted
or rejected depending on a probability transition function P(AE). The second method deals
with situations where the volume fraction of each spin type is conserved; it is called Kawasaki
dynamics. Here a lattice site is chosen, a neighboring site is chosen, and then a swap of the
spins is proposed. Again the AE is computed and the change is accepted or rejected depending
on P(AE).

Both the spin-flip dynamics, Glauber and Kawasaki, require the definition of the probability
transition function. There are two common choices, the Metropolis function

1 ifAE <0

P(AE) = {exp ZEifAE >0 G4

and the symmetric function

1 AE
P(AE) = 5{1 ~ tanh 7o

1 (3.5)
where kT, defines a thermal energy of the simulation; it is analogous to the thermal energy of
experimental systems but not directly related. The choice of the probability function has no effect
on the thermodynamics of the system, although the choice of the functional form of P(AFE) does
affect the dynamics of boundary motion slightly. The basic algorithm to determine whether a spin
change is accepted or not using the Metropolis scheme is shown in Function 3-1.
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FUNCTION 3-1: Basic Glauber Dynamics Using Metropolis Probability Distribution
Algorithm

spingy g = Existing spin of site
spinnew = New proposed spin of site
likes,q = Number of like neighbor sites with spin = sping;q
likesnew = Number of like neighbor sites with spin = spinnew
AFE = likesyq — likesnew
IF AE <=0 then
Spinnew 18 accepted
else if 7' > 0 then
probability = exp
random = A random number uniformly distributed between 0, 1.
if random < probability then
S$pinpew 18 accepted
end if
end if

—AE/KT

The time variable in the Ising model is not associated with any equation of motion, nor is
it associated with a fundamental dynamic frequency of the system being simulated. The time
required to attempt a single spin flip whether successful or unsuccessful is defined arbitrarily
as 7. On average it takes N7 to visit each site on the simulation lattice once: this is defined as
one Monte Carlo time step, 1 MCS.

3.2.3 Lattice Type

There are two common types of lattice used in 2D simulations: hexagonal or square lattices.
With each of these lattices an individual spin may be defined to have a number of different
nearest neighbors as shown in Figure 3-3. In a simple square lattice, a site may be defined to
have only the four first nearest neighbors, labeled 1-4 on Figure 3-3(a), but more often the eight
first and second nearest neighbors, labeled 1-8 on Figure 3-3(a), are used. In the triangular
lattice the six first nearest neighbors shown in Figure 3-3(b) are sufficient. In three dimensions
the simple cubic lattice is commonly used with the 26 first, second, and third nearest neighbors
used as shown in Figure 3-3(c).

Ideally the type of lattice should have no physical significance to the system being simulated
and should not influence the thermodynamics or dynamics. As we shall see later, this is not
always the case. The choice of neighbor coordination strongly affects the type of equilibrium
boundary shapes that are favored in the system. Thus in 2D square lattices, boundaries with
planes 0°, 45°, and 90° are strongly favored, and can cause facets to form. These low energy
facets obviously have a corollary with the faceting of atomic planes, and although they can be
studied by similar techniques, they are problematic when using the model to simulate isotropic
boundary shapes since they impose an anisotropy into the simulations. In the extreme case these
affects can totally invalidate the results of the simulations.

There a number of ways of mitigating against these lattice effects. First, some lattices and
neighbor coordinations have less intrinsic anisotropy. For instance the triangular lattice in two
dimensions using six 1st neighbors has the lowest anisotropy of any 2D regular lattice, and
the simple cubic lattice using 26 nearest neighbors is the most effective in three dimensions.
Another method to mitigate against the unwanted influence of the lattice is not have one at all,
that is, use a random lattice [Jan03].
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FIGURE 3-3 Different types of lattice and the neighbor coordination used in the Ising model,
(a) 2D square lattice, (b) 2D triangular lattice, (c) 3D simple cubic lattice.

3.2.4 Boundary Conditions

As can be appreciated from the previous section, there exists a special set of lattice sites which
lie at the boundaries of the simulation area/volume. These sites need to be treated differently
than the internal sites of the lattice. In the case where the boundaries represent the edge of
the simulated system, these sites will have fewer nearest neighbors. They may also have a
solid-liquid or a solid—gas surface energy associated with them. Alternatively, or in addition,
they may have a certain concentration of solute imposed on them as a boundary condition,
and thus act as a sink or source for solute or dislocations or other variable quantities, as in
Figure 3-4(a).

Another type of commonly used boundary condition is that of mirror boundary conditions.
In this case the sites on a boundary are “mirrored” so that the neighbor shell of the boundary site
is comprised of those defined by a reflection transformation, as in Figure 3-4(b). For example,
a 2D square lattice a mirror boundary condition applied at the + = 0 boundary simulates the
effect that the spins for all sites « < 0 exactly mirror those for > 0. In practice this only
requires the boundary nearest neighbors to be mirrored. For example, for a 2D square lattice,
a mirror boundary condition applied at x = 0 means that the boundary neighbors shell will be
{3,4,5,1,6,5, 1, 6}.

Perhaps the most popular type of boundary condition is a periodic boundary condition. In
this case the edges of the simulation effectively wrap around and contact the opposing edges
creating a toroidal simulation area in the 2D case. These boundary conditions are relatively
simple to impose: it simply involves assigning the nearest neighbors of each edge site to the
opposite boundary edge, as in Figure 3-4(c). The boundary conditions for the simulation volume
are usually implicitly encoded in the function that returns the neighbor sites of each site. For
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FIGURE 3-4 Different types of boundary condition used in the Ising model, (a) surface boundary
condition, (b) mirror boundary condition, (c) periodic boundary condition, (d) skew-periodic
boundary condition.

instance the eight neighbors of sites in a 2D lattice of size m x n may be coded as shown in
Function 3-2.

FUNCTION 3-2: Calculate Neighbor Sites While Imposing Periodic Boundary Conditions

get coordinates (z, y) of site
neighborl = mod(xz + 1,m),y
neighbor2 = mod(x +m — 1,m),y
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neighbor3 = x, mod(y +n — 1,n)

neighbord = x,mod(y + 1,n)

neighborb = mod(z + 1, m), mod(y + n — 1,n)
neighbor6 = mod(x 4+ 1, m), mod(y + 1,n)
neighbor? = mod(x + m — 1, m), mod(y + 1,n)
neighbor8 = mod(x +m — 1, m),mod(y + n — 1,n)

A variant of the periodic boundary condition is the skew-periodic boundary condition. In this
case the edges of the simulation wrap around but at the boundary a vector displacement parallel
to the boundary is imposed, as in Figure 3-4(d). This type of boundary condition is used when
simulating flat boundaries that have a nonperpendicular intersection angle with a simulation
area/volume boundary.

3.2.5 The Vanilla Algorithm
We have covered how the energetics, dynamics, lattice type, and boundaries conditions are
relevant to simulating systems that contain boundaries that move by curvature growth. Now we
are ready to use the model to perform some basic simulations of these systems.

The algorithm for the Ising model is relatively straightforward. It involves the setting up of
a 1D, 2D, or 3D array of sites, each of which can be in one or two spin states, and is shown
schematically for conserved spin Kawasaki dynamics in Figure 3-5. The array of sites as a
function of time is the output of the model. It can be captured graphically as a “snapshot” at
each time step and output to the screen in real time using OpenGL or other graphical libraries.
Such graphical analysis is fine as a debugging tool, but slows up the code, hence it is often
best to save snapshots periodically for more detailed postsimulation analysis (for more on this
see Section 3.4). Before going further the reader is encouraged to get a feel for the model by
attempting Problems 3-1-3-3.

PROBLEM 3-1: Minimal Surfaces

Code a 2D Ising model, of size 50 x 50 lattice sites, with a simple cubic lattice using eight near-
est neighbor coordination, Kawasaki spin dynamics, and kTs = 0. Insert a grain of ellipsoidal
shape in the middle of the simulation area as the initial configuration. Save snapshots of the spin
configurations every 10 MCS. Use an imaging tool to visualize these snapshots and to make a
movie of the simulation. Experiment with changing the initial shape of the domain. Is the final
circular shape in any way determined by the initial shape?

PROBLEM 3-2: Shrinking Circle

Code a 2D Ising model, of size 50 x 50 lattice sites, with a simple cubic lattice using eight
nearest neighbor coordination, Glauber (Metropolis) spin dynamics, and kTs = 0. Insert a
circular grain of size R = 20 in the middle of the simulation area as the initial configuration.
Save snapshots of the spin configurations every 10 MCS. Use an imaging tool to visualize these
snapshots and to make a movie of the simulation. Why does the circular grain shrink?

PROBLEM 3-3: The Effect of Lattice Geometry

Code a 2D Ising model, of size 50 x 50 lattice sites, with a triangular lattice using six nearest
neighbor coordination, Glauber spin dynamics, and kTs = 0. Insert a circular grain of size
R = 20 in the middle of the simulation area as the initial configuration. Save snapshots of the
spin configurations every 10 MCS. Use an imaging tool to visualize these snapshots and make
a movie of the simulation. Compare the result with simulation performed in Problem 3-2.
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FIGURE 3-5 The basic (vanilla) algorithm for the nonconserved spin Ising model using Kawasaki
dynamics.

The algorithm for nonconserved spin dynamics (Glauber dynamics) is shown in Figure 3-6.
These algorithms require several decisions to choose the site and the new spin which are fun-
damentally random. It should be emphasized that for large lattices and for large run times,
this requires the generation of a large number of random numbers. If the source of these ran-
dom numbers has a low repeat signature or does not distribute the random number uniform on
{0, 1}, then artificial patterns of behavior which are not due to curvature driving forces will be
observed.

3.2.6 Motion by Curvature

Figure 3-7 shows snapshots of a 3D Ising model simulation of a spherical domain. The
simulation was performed on a simple cubic lattice, periodic boundary conditions, Glauber
(Metropolis) spin dynamics, and k7s = 0. As we have seen in the previous section, the
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FIGURE 3-6 The basic (vanilla) algorithm for the conserved spin Ising model using Glauber
dynamics.

initial configuration of a spherical domain is not stable in such a model, since the energy
of the system can be reduced by the sphere shrinking, reducing the boundary area.

The sphere does not shrink as a perfect sphere, since the system is both discrete and
stochastic. But since the sphere is shrinking under a capillary force, the kinetics of such a sys-
tem should conform to those derived using rate theory of Burke and Turnbull [BT52], which
assumes that the law of motion governing the curvature-driven motion is

v = My (3.6)
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FIGURE 3-7 Sphere shrinking in an Ising model with unconserved spins, a square lattice, periodic
boundary conditions, Glauber spin dynamics, and kTs = 0. The net number of active sites remains
constant even though the area and boundary length decrease.

where v is the velocity of the boundary, M is the mobility of the boundary, ~ is the boundary
energy, and x is the boundary curvature. For a shrinking sphere of radius R, v = dR/dt and
% = 1/R and so the Burke and Turnbull growth law is

dR My
@R @37

By integrating equation (3.7) we arrive at the kinetic equation describing the radius of the
sphere:

R%2 - R*=~Mt (3.8)
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In three dimensions the volume of a sphere is, V' = 4/ 37R3, so equation (3.8) becomes:

2/3
a1 e 69
% Vo

where oy, = (4/37r)2/3’yM. Figure 3-8 shows the plot of 1/2/3/‘/02/3 versus t/V,2/3 for the
sphere. The linearity of the plots confirm that equation (3.9) is obeyed. The plot shows a depar-
ture from linearity as the domain becomes small; this is to be expected as the domain loses its
spherical shape due to the discreteness of the lattice. The result is not dependant on the type
of lattice, so the same result is obtained in three dimensions for a sphere shrinking on a simple
cubic, fcc and/or bec lattice.

PROBLEM 3-4: Boundary Kinetics

Derive an equivalent expression to equation (3.9) for the area of a shrinking circular grain.
Validate your 2D shrinking circle code developed in Problems 3-2 and 3-3, by investigating
whether their boundary kinetics obeys equation (3.6).

PROBLEM 3-5: The Effect of Non-zero Simulation Temperatures
Use your 2D shrinking circle code developed in Problems 3-2 and 3-3 to investigate the effect
of non-zero values of kTs.

3.2.7 The Dynamics of Kinks and Ledges
Although these simple cases provide evidence that the Ising model is simulating motion by
curvature, it’s not obvious how the model encapsulates the physics of curvature correctly. We
shall consider this next.

Consider the shrinking circular grains simulated in Problems 3-2 and 3-3. In each Monte
Carlo step, all sites are sampled once on average and in that time they can only do one of two
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FIGURE 3-8 A plot of V2/3/V2/3 versus t/V,2/3 for the sphere shrinking with different
temperatures.
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things: they can swap to the opposite spin type, or remain as their own spin type. When £Ts = 0
these options are reduced further because most sites in the system have eight nearest neighbors
of the same spin, and so for these sites any swap would be associated with AE > 0. When
kTs = 0, these sites cannot swap spins. Only sites for which a swap to the opposite spin is
associated with AE < 0 have the possibility of switching spin. We can identify the sites able
to change orientation if picked. These are shown in Figure 3-9, differentiated with a black dot.
These sites are the only sites which are capable of being reoriented. In other words, these sites,
if selected and the opposing spin chosen, would have a probability p(AE) = 1 of changing
spin. We shall call these the active sites of the system. All other sites, whether on the boundary
or not, have a probability p(AE) = 0 of changing spin.

Although the total number of active sites changes as the domain shrinks, the net number
(the number of active sites with spin = 0 minus the number of active sites with spin = 1), A,
remains constant (A = 8, see Figure 3-9). This means we can calculate exactly the area change
per MCS. In one MCS, all the sites are chosen on average once, and therefore all active sites
are chosen once. There is a probability of p = 1/2 that when picked, the opposite spin will be
selected, and so on average the net change in area will be equal to half the net number of active
sites, dA = A./2. The kinetics then follow:

dA Ac
P Y 4 (3.10)

Thus we expect the linear decrease of area with time as shown in the simulation and in
agreement with theory.

We can analyze the shrinking of a half-loop in a similar manner, which gives an insight into
the ledge mechanisms of curvature growth in these systems. For a simulation of a half-loop, see
Figure 3-10, carried out on a square lattice. Using the Metropolis probability function we can do
active site analysis and notice that the number of active sites for this geometry is also constant,
but half that of the sphere, A = 4. The area swept out will be equal to dA = A./2 units/MCS.
If the width of the half-loop is 2R, then the velocity of the boundary will be

dr  Ac

== in (3.11)

This shows that the boundary velocity as expected is proportional to the 1/ R. The mechanism
by which the migrations occur can be seen intuitively as the injection and motion of kinks from
the side of the half-loop. These travel in a biased motion across to the center of the half-loop
where they are annihilated by their opposite kind. The reason why A. is on average constant
can be readily appreciated by inspecting Figure 3-10, which shows that because of the geometry
most of the kinks have a probability of p = 0.5 of traveling in either direction. It is only where
the ledges are nucleated and annihilated that there is a bias.

PROBLEM 3-6: Constant Driving Force Boundary Motion

Code a 2D Potts model, of size 50 x 50 lattice sites, with a simple cubic lattice using eight nearest
neighbor coordination, Glauber spin dynamics, and kTs = 0. Use surface boundary conditions
and insert a circular half-loop grain of size R = 10 as the initial configuration. Save snap-
shots of the spin configurations every 10 MCS. Use an imaging tool to visualize these snapshots
and to make a movie of the simulation. Postprocess the data to plot boundary velocity ver-
sus time.
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FIGURE 3-9 Circle shrinking in an Ising model with unconserved spins, a square lattice, periodic
boundary conditions, Glauber spin dynamics, and kTs = 0. The net number of active sites remains
constant even though the area and boundary length decrease.
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FIGURE 3-10 Half-loop, grim-reaper geometry, in an Ising model with unconserved spins, a square
lattice, periodic boundary conditions, Glauber spin dynamics, and kTs = 0. The net number of active
sites remains constant and so the loop moves with a constant velocity.

PROBLEM 3-7: Effect of Driving Force
Use the code developed in Problem 3-6 to plot boundary velocity versus R. How can we use the
plot to calculate boundary mobility?

Thus it can be appreciated that motion by curvature occurs through kink dynamics in two
dimensions and ledge motion in three dimensions. A flat boundary, as shown in Figure 3-11(a),
has no curvature and no kinks and so at kTs = 0 will be unable to move. If a double kink is
introduced, there is a possibility that if the kinks move away from each other, the boundary will
be forward by one lattice site. However, since the kinks move in an unbiased random fashion, there
is an equal probability that the kinks will recombine. Curved boundaries may be seen as a series
of kink double kinks which have biased motion, and it is this that causes motion by curvature.

In the general case of an isolated boundary segment, see Figure 3-12. The net curvature of
this boundary, 6net, is the angle between the initial and final tangent vectors swept out by the
left-hand rule. On a square lattice fner can only assume discrete values, Oner = brr/2, where b is
an integer. Once again we can perform the active site analysis and show that there are two active
sites for each 7 /2 so that:

dA
= =-b (3.12)

where the negative value of the area swept out indicates the movement of the boundary toward
its center of net curvature. This is an exact discretization of the continuum law for boundary
motion by mean curvature and illustrates that the boundary evolution of boundaries in the Ising
model is consistent with the physics of boundary motion of equation (3.6).

PROBLEM 3-8: Triangular Lattice Active Site Analysis
Derive equation (3.10) for a 2D triangular lattice.

PROBLEM 3-9: Roughening of Boundaries
What is the impact of non-zero values of kTs on the active site population of a boundary, and
thus on boundary kinetics in the Ising model?
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FIGURE 3-11 Flat boundary in an Ising model with unconserved spins, a square lattice, periodic
boundary conditions, Glauber spin dynamics, and (a) kTs = 0, (b) kTs = 0.2, and (c) kTs = 0.8.
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FIGURE 3-12 General case of a isolated boundary segment, in an Ising model with unconserved
spins, a square lattice.

3.2.8 Temperature

The faceting effects of the previous section are temperature dependant, and the discussion
referred to a low temperature regime. In order to understand the effect of temperature it is use-
ful to again consider the shrinking circle experiment. Figure 3-8 shows the plot of v2/3 / VOQ/ 3
versus t/ Vo?/3 for the sphere at various values of k7. The linearity of the plots confirm that
equation (3.9) is obeyed, but for high values of kT there is nonuniformity at the beginning of
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the plots; this is due to the size of the domain initially increasing, corresponding to an increase
in boundary enthalpy. This can only occur because there is an increase in the boundary entropy
associated with boundary roughness which more than compensates for the increase in enthalpy.
Thus despite the increase in boundary area, the Gibbs free energy of the system is reduced.

It should be noted that in the Ising model simulations carried out at finite temperature, there
is a finite probability that any site in the whole system can swap its spin. There is roughening
temperature, 7., where the system becomes disordered (often called the Curie temperature by
those using the Ising model to study magnetism). Figure 3-13(a) shows a shrinking sphere
at kTs = 0; the shape is compact and defined by discrete ledges and facets. Figure 3-13(b)
shows a shrinking sphere at kTs = kT, the roughening temperature. The system becomes
increasingly disordered. The exact roughening temperature associated with the phase transition
to the disordered state depends on the lattice type and neighbors. It is possible to prevent such
disordering while still obtaining high temperatures by confining swap attempts to boundary
sites. When this is done the effect of roughening the boundary can be investigated independently
from the system roughening, as in Figure 3-13(c).

Swaps that occur on the boundary do increase the number of active sites, but not the net
curvature of the boundary, which is determined by topological considerations of the boundary.
The result is that temperature affects the kinetics of the boundary but not the energetics of
curvature driven growth. In effect temperature injects roughness into the boundary, by supplying
kinks, thus reducing the anisotropy of boundary mobility and energy in the system. This has the
effect of making the simulations slower as we shall see in the next sections. Figure 3-11 shows a
linear boundary at different temperatures, which shows the effects of systematically increasing
the temperature.

PROBLEM 3-10: Effect of Entropy
Modify your 2D shrinking circle code to disallow spin swaps away from the boundary for non-
zero values of kTs. Implement periodic boundary conditions to overcome the issues associated
with the lattice boundaries. Compare the kinetics of the shrinking circular grains in this model
with those measured in Problem 3-5.

3.2.9 Boundary Anisotropy

Ising models are performed on lattices, and it seems obvious that the boundary energies and
boundary mobilities will have inherent anisotropies that depend on the type of the lattice. For
instance there is an energy anisotropy of boundary plane which can be expressed most conve-
niently through a Wulff plot. The 2D triangular lattice has a lower anisotropy than the 2D square
lattice, with v[10]/~[11] = 1.07 at kTs = 0.2 [MSGS02]. The presence of such anisotropy
brings into question whether equation (3.6) can be used as an accurate description of the sys-
tem, and perhaps it should be replaced by the more accurate Herring relation [Her49]:

v=ME++")k (3.13)

where v is the second derivative of the interface free energy with respect to interface inclina-
tion, and the term ~ +~" is referred to as the interface stiffness. Furthermore mobility is also an
anisotropic function of boundary plane. For instance in the 2D square lattice, kink motion occurs
easily along the [10] directions but not along [11] directions, for example, M0 /M[n] ~ 25 at
kTs = 0.2 [MSGS02].

Given this inherent anisotropy of the system it seems extremely odd that shrinking circles
or spheres show no obvious faceting, nor is it shown in the migration of boundaries in general.
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FIGURE 3-13 Snapshot of sphere shrinking under curvature on a 3D simple cubic lattice
(a) 